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We show that any self-adjoint operator 4 (bounded or unbounded) in a Hilbert
space H = (V,(-,-)) that is bounded below generates a continuum of Hilbert spaces
{H,} o and a continuum of self-adjoint operators {4, },.o. For reasons originating in
the theory of differential operators, we call each H, the rth left-definite space and each
A, the rth left-definite operator associated with (H, 4). Each space H, can be seen as
the closure of the domain 2(4”) of the self-adjoint operator 4" in the topology
generated from the inner product (4"x, y) (x, y € Z(4")). Furthermore, each 4, is a
unique self-adjoint restriction of 4 in H,. We show that the spectrum of each 4,
agrees with the spectrum of 4 and the domain of each 4, is characterized in terms of
another left-definite space. The Hilbert space spectral theorem plays a fundamental
role in these constructions. We apply these results to two examples, including the
classical Laguerre differential expression ¢[-] in which we explicitly find the left-
definite spaces and left-definite operators associated with 4, the self-adjoint operator
generated by £[-] in L?((0, 00); f*¢~*) having the Laguerre polynomials as eigenfunc-
tions. © 2002 Elsevier Science (USA)
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1. INTRODUCTION AND MOTIVATION

In this paper, we prove that if 4 is a self-adjoint operator in a Hilbert
space H = (V,(-,-)) that is bounded below by a positive constant k, that is, if

(Ax, x) = k(x,x) (x € 2(4)),

then there are a continuum of unique Hilbert spaces {H,},., (Which we call
left-definite Hilbert spaces) and operators {4,},-¢ in H, (called left-definite
operators), with each 4, being a unique self-adjoint restriction of 4 in H,. We
explicitly determine these Hilbert spaces H,, together with their inner
products (-, -),, as specific vector subspaces of H. Moreover, we are able to
explicitly specify the domains of each operator 4, as certain left-definite
spaces, and we show that the spectrum of each A4, is identical
with the spectrum of 4. The key result, as we will see, that allows for a
determination of these spaces and operators is the classical Hilbert space
spectral theorem.

Each of these Hilbert spaces and associated inner products can be viewed
as a generalization of a left-definite Hilbert space and Dirichlet inner
product, respectively, from the theory of self-adjoint differential operators.
However, we emphasize that the results developed in this paper apply to
arbitrary self-adjoint operators in a Hilbert space that are bounded
below (see the example in Section 11). It is the case, however, that our
original motivation stems from the study of certain differential equations of
the form

s =)y (tel), (1.1)

where s[-] is a Lagrangian symmetric differential expression of order 2n
given by

IO =D Y000 (e, (12)
j=0

Here I = (a, b) is an open interval of the real line R, w(¢) >0 for ¢t € I, and
each coefficient b;(¢) is positive and infinitely differentiable on /. Such
equations arise in the functional analytic study of differential equations
having orthogonal polynomial solutions (see [29] for a general discussion of
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the connections between orthogonal polynomials and differential equa-
tions). For further information in this context, see Sections 12 and 13 in this
paper for specific examples of differential equations of this type having
orthogonal polynomial solutions.

One particular setting for the spectral study of (1.2) is the Hilbert space
L*(I; w), defined by

L*(I;w) = {f: I - C| f is Lebesgue measurable and /|f(t)|2w(t)dt< 00},
I
with inner product
b
(1.0 = [ rwiomod.

Due to the appearance of w on the right-hand side of (1.1), it is natural to
refer to the L>(I;w) setting as the classic right-definite spectral setting for
—1
w=s[].
For functions f,g € Apax, the maximal domain of w™!s[-] in L>(I; w) (see
[33, Chap. V] for definitions and notation), we have Green’s formula

b b
/ SL10F(0de = / FOTGOdE+ L, g101= (fog € Amads  (13)

where [-, -] is the skew-symmetric sesquilinear form for s[-]. A related formula
—and the central motivating factor for the work that we present in this paper
— is Dirichlet’s formula,

a

b n b
[ stnwana =" [ b r905 0
a =0

LGOI (f.9 € Anax), (1.4)

where {-,-} is another bilinear form, closely related to the [-,-] given
in (1.3).

There are two well-known operators generated by w~'s[-] in L*(I;w),
the minimal and maximal operators T, and T,.x defined, respectively,
by

Tminf = Wﬁls[f] (f € Amin)>
and
Tax f = w [ f] (f € Amay).

These operators are adjoints of each other; furthermore, Tiyi,[-] is symmetric
in L>(I;w). The well-established Glazman—Krein—Naimark Theorem (see
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[33, Section 18]) of self-adjoint extensions of symmetric differential
operators then determines, through appropriate boundary conditions, the
various self-adjoint extensions 4 of Ty, (or, equivalently, self-adjoint
restrictions of the maximal operator Tyux).

To continue our motivation for this paper, suppose A4: Z(4) = L*(I; w)
— L2(I;w) is a self-adjoint extension of Ty, such that

b n b
s = [ soand =3 [ bor%0i0d  (fge s
a ]:0 a
(1.5)

That is to say, for all f,g e 2(A4), the evaluation of the Dirichlet form
{fr93(0)Z 1n (1.4) is zero (of course, such an 4 may or may not exist, in
general). Furthermore suppose that by(f) =k >0 for all ¢ € I, where k is a
positive constant. Then, from (1.5) and our assumed positivity of the
coefficients b; on (a,b), we find that 4 satisfies

Af, NZk(f. 1) (f € 2(4)). (1.6)

Moreover, we see that s[-] generates, through (1.5), a Sobolev space H, with
inner product (called the Dirichlet inner product)

n b
G = [ borf0ion  (faetm: D)
=0 Ja

for physical reasons, the norm generated from this inner product is also
called the energy norm (see [32, p. 12]). More specifically, H; is defined to be
the closure of Z(4) in the topology generated by the norm ||-||; = (-, )1
Observe that, from (1.5) and (1.7), we have

Ar.9) =91 (f.g€2(A). (1.8)

Since the inner product (-, ), is generated from the left-hand side of (1.1), the
literature refers to H, as the left-definite setting for w='s[-] and calls H, the
left-definite Hilbert space associated with the expression w™'s[-]. Actually, in
the notation of this paper, H; is the first left-definite space associated with 4.
As this paper shows, there are actually a continuum of left-definite Hilbert
spaces associated with such an operator A.

It is possible to extend the identity in (1.8) to obtain

Af.9) =91  (f€2(d),geH). (1.9)
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From the inequality (1.6), it follows that 0 € p(4), the resolvent set of A.
Consequently, we see that Ry(4) = A~' is a bounded operator from H; onto
9(A). Furthermore, from the inclusion

Y(A) < H, = L*(I;w)

and (1.9), it follows that the operator B: H; — H,, defined by
Bf =RoA)f  (feZ(B)=H),

is an invertible, self-adjoint operator. The inverse of B, denoted here by 4,
is also a self-adjoint operator. In the literature, 4 is called the left-definite
operator associated with 4. As we see in this paper, it is more appropriate
to name A, the first left-definite operator associated with 4. In fact, we
construct a continuum of left-definite self-adjoint operators {4,},-
associated with the original operator 4, with each 4, being a unique self-
adjoint restriction of 4 in H,.

To emphasize our starting point in this paper, we begin with a self-
adjoint operator A that is bounded below in H by a positive constant.
In the theory of differential operators, 4 corresponds to a right-
definite operator generated from the differential expression w's[] (as
given in (1.1) and (1.2)) in L?(I;w). However, it is possible
that the differential expression w~!s[] is not right-definite — for example,
the function w may be signed on / — and yet s[-] is left-definite (that is,
each coefficient ;>0 on /). This approach is taken by Kong et al.
in [18] in their left-definite study of the classic, regular Sturm—Liouville
equation

—(py) 4+ qy = iwy,

on /.

The history of left-definite spectral theory — as it relates to differential
operators — can be traced back to the work of Weyl [50] who, in his
landmark analysis of second-order Sturm—Liouville differential equations,
coined the term polare-Eigenwertaufgabe for the study of second-order
equations in the left-definite setting. The terminology left-definite (actually,
the German Links-definit) first appeared in the literature in 1965 in a paper
by Schafke and Schneider (see [44]). In his book [17], Kamke uses the term
F-definit in his study of the differential equation Fy = AGy (he also uses
G-definit for his right-definite study of this equation). In [34-36], Niessen
and Schneider considered general left-definite singular systems and left-
definite s-hermitian problems. Pleijel ([38,39]) provided one of the first
concrete examples of such a left-definite setting for a self-adjoint differential
operator with his analysis of the classical second-order Legendre equation.
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His work was followed soon after by the work of Atkinson et al. [3] who
examined left-definite square-integrable homogeneous solutions. Later,
Everitt [6] gave a complete (first) left-definite analysis of the classical
Legendre equation and his student, Onyango-Otieno [37], extended these
results by analyzing the appropriate right-definite and first left-definite
spectral settings for the differential equations having the classical
orthogonal polynomials (Jacobi, Laguerre, Hermite) as solutions.
Everitt, in [7], and Bennewitz and Everitt [4] furthered the general
theory of left-definite operators associated with second-order differential
equations.

During the past 15 years, there have been several additional papers
dealing with theory and specific examples of left-definite operators, all
within the framework of differential operators. Important results related to
second-order equations have been obtained by Krall ([19,20,22,23]), Krall
and Littlejohn [21], and Hajmirzaahmad ([16]). Left-definite results for
higher-order differential equations have been obtained by Everitt and
Littlejohn [11], Everitt et al. [9,10,13,14], Loveland [30], and Wellman [49].
More recently, Vonhoff [48] has reconsidered the left-definite analysis of the
fourth-order Legendre-type equation based on ideas developed in his
thesis [47].

In this paper, we attempt to provide a framework for a general
left-definite theory of bounded-below, self-adjoint operators in a
Hilbert space. The contents of this paper are as follows. In Section 2 we
define the general concept of a left-definite Hilbert space and a left-
definite operator associated with a self-adjoint operator that is
bounded below. Section 3 contains statements of our main results,
with proofs of these theorems given in Sections 6 through 10. In Section
4, we recall the spectral theorem and some of its immediate conse-
quences that we need in our presentation. Our first example of the
theory developed in this paper concerns an unbounded self-adjoint
operator A in 2, the classical Hilbert space of square-summable sequences;
this example is described in Section 11. In Section 12, we apply the
results of this paper to the second-order classical Laguerre differential
expression £[-]. More specifically, for integral values of r, we will explicitly
exhibit the left-definite Hilbert space {H,} and the left-definite operators
{4,} associated with the seclf-adjoint operator 4 in the Hilbert space
H = L*((0, 00); "¢ "), generated by ¢[-], having the Laguerre polynomials
{LL (1)}, as eigenfunctions. As we will see, each of the left-definite
inner products can be seen as the Dirichlet inner product of the
form (1.7) obtained from taking formal integral powers of the differential
expression ¢[-]. Lastly, in Section 13, we outline a number of other
applications (in particular, from [11] and [9]) and open problems resulting
from this work.
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2. AN ABSTRACT DEFINITION OF A LEFT-DEFINITE SPACE
AND A LEFT-DEFINITE OPERATOR

For the remainder of this paper, let ¥ be a vector space (over the complex
field C) with inner product (-,-) and norm || - ||; the resulting inner product
space is denoted (V,(-,-)). Suppose V, (the subscripts will be made clear
shortly) is a (vector) subspace (i.e., a linear manifold) of ¥ and let (., -), and
|| -l denote, respectively, an inner product (quite possibly different from
(,+)) and an associated norm on V.

We begin with the following definition of a left-definite Hilbert space.

DEerFINITION 2.1.  Let H = (V,(:,-)) be a Hilbert space. Suppose 4: Z(A)
< H — H is a self-adjoint operator that is bounded below by a positive
number k£ > 0; i.e.,

(Ax,x) = k(x,x) (x € 2(4)).

Let H; = (I, (-,-);), where 1] is a subspace of V" and (-, ), is an inner product
on ¥;. Then H, is said to be a left-definite (Hilbert) space associated with the
pair (H,A), if each of the following conditions holds:

(1) H; is a Hilbert space,

(2) 2(A) is a subspace of 17,

(3) 2(A) is dense in Hj,

4) (x,x); =k(x,x) (x € 1), and

(5) (%, y) = (Ax,y) (x€ D(A), yeN).

Given a self-adjoint operator A4 that is bounded below by a positive
constant, it is not clear that a left-definite space H; exists for the pair (H,A4).
In fact, however, we prove the existence and uniqueness of this Hilbert space
later in this paper; see Theorem 3.1.

If A4 is a self-adjoint operator in H that is bounded below by a positive
number k, then, with assistance from the spectral theorem (see Section 4
and, in particular, Theorem 4.3), we see that A" is a self-adjoint
operator bounded below by i’/ for each r>0. Consequently, we can
extend Definition 2.1 to a continuum of left-definite spaces associated with
(H,A4).

DerINITION 2.2. Let H = (V,(-,-)) be a Hilbert space. Suppose 4: Z(A4)
< H — H is a self-adjoint operator that is bounded below by a positive
number k£ > 0; i.e.,

(Ax,x) = k(x,x) (x € 2(4)).
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Let » > 0. If there exists a subspace ¥} of ¥ and an inner product (-,-), on ¥,
such that H, = (V},(-,-),) is a left-definite space associated with the pair
(H,A"), we call H, an rth left-definite space associated with the pair (H,A).
Specifically, H, is an rth left-definite space associated with the pair (H,A4) if
each of the following conditions hold:

(1) H, is a Hilbert space,

(2) 9(4") is a subspace of V},

(3) 9(A") is dense in H,.,

4) (x,x),=k"(x,x) (x € V}), and

(5) (), = x,y) (xe 24", yel).

From our discussion above, we will see below in Theorem 3.1 that, for
each r >0, H, exists and is unique. At first glance, it appears that the rth
left-definite space H, depends on H, A, and the positive number £ satisfying
condition (4) in the above definition. In fact, however, each of the left-
definite spaces H, is independent of k; a specific reason will be given in
Section 6 after the proof of Theorem 3.1.

We are now in position to define a left-definite operator associated with 4.

DerFINITION 2.3. Let H = (V,(:,-)) be a Hilbert space. Suppose 4: Z(A)
c H — H is a self-adjoint operator that is bounded below by a positive
number £>0. Let »>0 and suppose H, is the rth left-definite space
associated with (H,A4). If there exists a self-adjoint operator 4,: H, — H,

that is a restriction of 4; that i 1)sc to jay,
A,x =

D(4y) = 2(4), 2.1

we call such an operator an rth left-definite operator associated with (H,A).

In Theorem 3.2 below we prove that if 4 is a self-adjoint operator that is,
is bounded below by a positive number & > 0, then for all » > 0 there exists a
unique left-definite operator 4, in H, associated with (H, A4).

3. STATEMENTS OF MAIN RESULTS

There are six main theorems that we prove in this paper concerning left-
definite Hilbert spaces and left-definite self-adjoint operators. The Hilbert-space
spectral theorem (see [41] or [43]) is essential in establishing most of these results.

THEOREM 3.1. Suppose A is a self-adjoint operator in the Hilbert space
H=(V,(-,-) that is bounded below by kI, where k> 0. Let r>0. Define

H, = (V;”: ('9 )r) with V.= @(A'/z) (31)
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and
), = @Px,A%y)  (nyel). (3.2)

Then H, is an rth left-definite space associated with the pair (H, A) in the sense
of Definition 2.2. Moreover, suppose H, = (V,,(-,-),) and H = (V/,(-,-).) are
rth left-definite spaces associated with the pair (H,A). Then V, =V and
), =y, for al x,yeV,=V ie, H,=H. Consequently
H, = ,,(,"),), as defined in (3.1) and (3.2), is the unique rth left-definite
Hilbert space associated with (H,A).

Proof. See Section 6. 1

THEOREM 3.2. Suppose A is a self-adjoint operator in a Hilbert space H
that is bounded below by kI for some k > 0. Forr >0, let H. = (V}, (-, -),) be the
rth left-definite space associated with (H,A). Then there exists a unique left-
definite operator A, in H, associated with (H,A). More specifically, if there
exists a self-adjoint operator A,: H, — H, such that A,x = Ax for all
X € @(1‘1,) < Y(A), then A, = A,. Furthermore,

D(Ar) = Vo 3.3)

and A, is bounded below by kI in H,.

Proof. See Section 7. 1

The following corollary is an immediate consequence of Theorems 3.1
and 3.2. It emphasizes the fact that, set-wise, the domain 2(4") of the rth
power of 4 is given by V5, and, in particular, the first and second left-definite
spaces associated with 4 are, respectively, the domain of the positive square
root of 4 and the domain of 4. Furthermore, it describes explicitly the
domain of the rth left-definite operator in terms of the domain of a certain
power of 4. Interestingly, we note that the domains of the first and second
left-definite operators, 4, and A,, are given by 2(4%/?) and Z(4?),
respectively.

COROLLARY 3.3.  Suppose A is a self-adjoint operator in the Hilbert space
H that is bounded below by kI, where k > 0. For eachr >0, let H, = (V},(-,),)
and A, denote, respectively, the rth left-definite space and the rth left-definite
operator associated with (H,A). Then

(1) 9(A") = Vs, in particular, D(A?) = Vi and D(A) = V»;

() 9(4,) = DAY, in particular, D(A)) = D(A/?) and D(4>) =
D(4?).
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In the next theorem, we see that when 4 is a bounded, self-adjoint operator
that is bounded below by a positive constant &, then the left-definite theory is
trivial. However, the situation is quite different when 4 is unbounded.

THEOREM 3.4. Let H= (V,(-,-)) be a Hilbert space. Suppose A: Z(A) <
H — H is a self-adjoint operator that is bounded below by kI for some k > 0.
For eachr>0, let H. = (V,,(:,-),) and A, denote the rth left-definite space and
the rth left-definite operator, respectively, associated with (H, A).

(1) Suppose A is bounded. Then, for each r > 0,

) V=V
(i1) the inner products (-,-) and (.,-), are equivalent;
(i) 4 = 4,.

(2) Suppose A is unbounded. Then

(1) V, is a proper subspace of V,
(i) V; is a proper subspace of V, whenever 0 <r<s;
(iil) the inner products (-,-) and (-,-), are not equivalent for any s> 0;
(iv) the inner products (-,-), and (-,-), are not equivalent for any
r,s >0, r#s,(vV)Z(4,) is a proper subspace of Y(A) for each r > 0;
(Vi) 9(4y) is a proper subspace of 9(A,) whenever 0 <r<s;

Proof. See Section 8. 1

Since, for each m > 0, A™ is a self-adjoint operator that is bounded below
in H by k"I, we see from Theorems 3.1 and 3.2 that there are a continua of
left-definite spaces {(H™),},»¢ and left-definite operators {(4"),},-o asso-
ciated with the pair (H,A™). Furthermore, since 4,, is a self-adjoint operator
that is bounded below by &/ in H,,, there are continua of left-definite spaces
{(Hmn),}~0 and left-definite operators {(4,),}-o associated with the pair
(Hy,Ay). The following questions naturally arise:

(1) What is the relationship (if any) between the three continua of the
left-definite spaces {H,},~9, {(H™),}>0, and {(H,,),}~0?

(2) Since for fixed m >0, (4,)" — the mth power of the rth left-definite
operator A, associated with (H, A) — is a self-adjoint restriction of 4™, what is
the relationship (if any) between the continuum of left-definite operators
{(4™),} =9 associated with the pair (H,A™) and the continuum of self-adjoint
operators {(4,)")},»0? In particular, is (4,)" a left-definite operator
associated with (H,4™); that is to say, is (4,)" € {(4"),}s0?

(3) For fixed m >0, what is the relationship (if any) between the
continuum of left-definite operators {(4,,),},»o associated with the pair
(Hy, An) and the continuum of left-definite operators {4,},., associated with
the pair (H, A)?
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Each of these questions is answered in the following theorem. In essence,
this theorem says that there are no new left-definite spaces or left-definite
operators emerging from a consideration of the above questions; that is to
say, the original spaces {H,},., and operators {4,},., encompass all of the
left-definite spaces and left-definite operators described above that are
associated with the pairs (H,A4™) and (H,,,A4,,).

THEOREM 3.5. Suppose A, H, {H,},~q, and {A,}-y are as in Theorems 3.1
and 3.2 above. Fix m > 0. For each r >0, let (H"), = (V™),,(, ")) and (4™),
denote, respectively, the rth left-definite space and the rth left-definite operator
associated with the pair (H,A™). Then

(a) (H™), = Hyy-

() (4.)" = (A", with Z(A,)") = Vamsr. Equivalently, (A™), = (Ap)"
with D((A™),) = Vamamr; that is to say, the rth left-definite operator associated
with the pair (H,A™) is the mth power of the (mr)th left-definite operator
associated with (H,A).

Furthermore, let (Hy), = (Vi) (5),,) and (Ay), denote the rth lefi-

definite space and the rth left-definite operator, respectively, associated with
(Hy, Ap). Then

© (Hm)r = Hyis

(d) (4n), = Amsr with Z((Am),) = Vinirr2; in other words, the rth left-
definite operator associated with (H,,, A,,) is the (m + r)th left-definite operator
associated with (H,A).

Proof. See Section 9. 1

In addition, we prove the following two theorems concerning the spectra
of the left-definite operators {4,},-.

THEOREM 3.6. For each r >0, let A, denote the rth left-definite operator

associated with the self-adjoint operator A that is bounded below by kI where
k>0. Then

(a) The point spectra of A and A, coincide; i.e., 0 ,(A,) = 0 ,(A).
(b) The continuous spectra of A and A, coincide; i.e., o.(A,) = a.(A).
(c) The resolvents of A and A, coincide; i.e., p(4) = p(4,).

Proof. See Section 10. 1

Finally, the last general result in this paper is the following theorem.

THEOREM 3.7.  If {¢,} ", is a complete orthogonal set of eigenfunctions of
A in H, then for each r>0, {@,} ", is a complete set of orthogonal
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eigenfunctions of the rth left-definite operator A, in the rth left-definite space
H,.

Proof. See Section 10. 1

4. THE SPECTRAL THEOREM

If 4 is a self-adjoint operator in a Hilbert space H with inner product (-, ),
it is well known (see [43, Chaps. 12 and 13] that there exists a unique
operator-valued set functions E: 4 — B(H), where % is the o-algebra of
Borel subsets of R and B(H) is the Banach algebra of bounded linear
operators on H, called the spectral resolution of the identity, having the
following properties:

(1) E(®) =0 and ER) = 1.

(2) E(A) is idempotent; that is, (E(A))* = E(A), for all A € 4.

(3) E(A) is self-adjoint in H for all A € 4.

4) E(A1 0 Ay) = E(A)E(A) = E(A)E(A) for all Aj,Aye . (4.1)

(5) E(A1 U Ay) = E(A)) + E(Ay) for all Aj,Ar € 2 with Aj n Ay = 0.

(6) For each x,y € H, the mapping E,,: # — C defined by E, ,(A)
= (E(A)x, y) is a complex, regular Borel measure.

Since E(A) is a self-adjoint projection for each A e 4, it follows that
IEMII<T.
A spectral family (see [25] or [41]) for a self-adjoint operator 4 is a one-
parameter family {£,},.g of bounded operators in H satisfying:
(1) E; is self-adjoint and idempotent for each 1 e R.
(2) For A<u, E, —E; is a positive operator.
(3) lim;_ E;x =x for each x e H. 4.2)
(4) lim;, o E;x =0 for each x € H.
(5) Ejpox =lim,_;+ E,x = E;x for each e R and xe H.

A connection between (4.1) and (4.2) lies in the following lemma; the proof
is straightforward.

LEMMA 4.1. Suppose E is a spectral resolution of the identity in the sense of
(4.1). For /. € R, define E;, = E(—00,]. Then {E;},.g is a spectral family in
the sense of (4.2).
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As mentioned earlier, the Hilbert-space spectral theorem plays a key role
in proving the existence and uniqueness of the left-definite spaces {H,},-o
and the left-definite operators {4,},., associated with the pair (H,A4),
where 4 is a self-adjoint operator in H that is bounded below by &7, for
some k>0. In our development of these spaces and operators, we
use the spectral resolution of the identity £ of A4 rather than the one-
parameter spectral family. However, properties of the spectrum o(4,) and
the resolvent set p(4,) of each left-definite operator 4, are more easily seen
through the spectral family rather than the spectral resolution of the
identity. Indeed, the following theorem is well known (see [25, Sect. 9.11]
and [41, Sect. 132].

THEOREM 4.2. Suppose {E;},gp is a spectral family, satisfying the
conditions of (4.2), of a self-adjoint operator A. For 1y € R, we have:
(a) Ao € 0 ,(4) (the point spectrum) if and only if E;  #E;j .
(b) Ao € 6.(A) (the continuous spectrum) if and only if E;, = E;,_o and
{E;} ;e is not constant on any neighborhood of 2 in R.
(c) Lo € p(A) (the resolvent set) if and only if there exists ¢ > 0 such that
{E,;} jem Is constant on [Ay — &, Ao + €]

We are now in position to state the spectral theorem in a Hilbert space
(see [43, Theorems 13.24 and 13.30]).

THEOREM 4.3. (The Spectral Theorem). Let A be a self-adjoint operator
(bounded or unbounded) in a Hilbert space H = (V,(-,-)). Let E be the spectral
resolution of the identity associated with A. Then, for each r> 0, the self-
adjoint operator A" has a (densely defined) domain Z(A") given by

94" = {x € H‘ /R J¥dE, . < oo}, 4.3)
and is characterized by the identities
A'x,y) = /[R)dex,y (xe2A"), yeH) 4.4)
and

l47x|)> = /R FdE.,  (x e 2(4"). 4.5)

Conversely, suppose F: % — B(H) is a spectral resolution of the identity. Then
there exists a unique self-adjoint operator A in H with (densely defined)
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/ JdF, . < oo}
R

(v = [ ddh, e yet),
R

domain

D(A) = {x eH

that is characterized by

and

x| = /R PdF  (xe 2(A)).

Moreover, in this theorem, we can replace the interval R of integration in
each of the above integrals with the spectrum of the self-adjoint operator. In
particular, for a self-adjoint operator 4 that is bounded below by &/ for
k>0, we can replace the interval of integration R with [k, c0) since, in this
case, the spectrum a(4) < [k, 00) (see [43, Theorem 12.32]).

5. TECHNICAL LEMMAS

The following results will be used extensively in Sections 6 through 10.

LEMMA 5.1. Suppose A is a self-adjoint operator in a Hilbert space H =
(V,(-,-)) and suppose E is the spectral resolution of the identity for A. Then

EE(Al)x,y(AZ) :Ex,y(Al @) AZ)

= E p(an (A1) = Ex gany(Az) A, Ay e®n),  (5.1)

E(A) = ||E(A)x]? (A e ), (5.2)
and

/R dE,, = (ERM, ) = (x,y)  (v.yeH). (53)

Proof. These properties follow directly from the definition of E so the
proof is omitted. 1

LEMMA 5.2. Suppose A is a self-adjoint operator in a Hilbert space H =
(V,(,+)) that is bounded below by kI for some k > 0. Suppose E is the spectral
resolution of the identity for A. Then, for each s >0, A° and E(A) commute for
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all A € #; that is to say,
E(A)A’x = A’E(A)x (A e B; x e 2(4)). (5.4)
Proof. Let A e % and x € 9(4°). Then, for any B € 4,
Eg@ayean(B) = (E(B)E(A)x, E(A)x)
=(E(A N B)x,x) by (2), (3), and (4) of (4.1)

=((E(A N B))*x,x)
= (E(A N B)x, E(A N B)x) by (2) and (3) of (4.1)

—IEQA A BRIP = E(AnB) by (5.2)
< B (B).

Hence

/ },stEE(A)x,E(A)x — / AzsdEE(A)x,E(A)x
R [k,00)

< / IBdE, . = / 2B dE, < 0.
[k,00) R

Thus, from (4.3), we see that

E(A)x € 2(4°). (5.5
Moreover, for y € H, we have from (5.1) that
Er)y,y(B) = E ga),(B);
hence, from (4.4) and the self-adjointness of E(A), we see that
(AE(A)x, y) = /R N /R LN
='x, E(A)y) = (E(M)A’x, y),

that is to say,
(L’E(Mx —E(M)Ax,y) =0 (yeH),

from which it follows that A*E(A) = E(A)4*. 1

LeMwmA 5.3. Suppose A is a self-adjoint operator in the Hilbert space H =
(V,(,+)) that is bounded below by ki for some K > 0. Let E be the spectral
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resolution of the identity of A. Then, for each s >0 and A € B, we have

Epsxy(A) = / dE (xe 2(4%), yeH), (5.6)
A
and
Eusy(A) = / ZdEy (xe H, yegA)). (5.7
A
That is to say,
dE 4sx,y = A'dE, (xe 9(4%), ye H) (5.8)
and
dE, 45, = A'dE, (xe H, ye 2(4%)). (5.9)

REMARK 5.1. The identities in (5.8) and (5.9) are understood to mean, in the
sense of the Radon—Nikodym theorem,

/ S(A)dE s5x,, = / S dE, (5.10)
R R
and

/ FONE, 4o, = / FO)dE,,, (5.11)
R R

respectively, for each nonnegative Borel measurable function f: R — [0, o0];
see [42, pp. 121-126].

Proof of Lemma 5.3. Let s > 0; for x € 2(4*) and y € H we see that
Epxy(A) = (E(A)A’x, y)
=(A’E(A)x, y) by Lemma 5.2
= /R A dEg(Ayx,y by (4.4)

= /)dex,y from (5.1) (5.12)
A

The identity in (5.7) follows in a similar fashion. 1



296 LITTLEJOHN AND WELLMAN

6. EXISTENCE AND UNIQUENESS OF THE LEFT-DEFINITE
SPACES: PROOF OF THEOREM 3.1

Proof. Existence of the Left-Definite Spaces. Let »>0. To show
that H, = (V,,(-,-),), defined in (3.1) and (3.2), is a left-definite space
for the pair (H,4) we need to establish the five properties listed in
Definition 2.2.

(i) H, is a Hilbert space.
Suppose {x,} < H, is Cauchy. From (3.2), we sec that

2
[ — Xll, = 11470 — x)l,

where || - ||, and || - || are the norms generated, respectively, from the inner
products (-,-), and (-,-). Hence {4/’x,} is Cauchy in H so there exists y € H
such that

A’/zxn - yin H as n — o0. 6.1)

Moreover, from (5.3) and Theorem 4.3, we have

2
kr”xn — Xml| :kr/ dExnfxm,xnfxm = kr/ dExnfxm,xnﬂCm
R [k,00)

-
< / A dEx, —x,, x,—x,
[k,00)

= 14" (x, — x)II.

Therefore, {x,} is Cauchy in H. From the completeness of H, there exists
X € H such that

X, > xin H as n — oQ. (6.2)

From (6.1) and (6.2) and the fact that 4”/? is closed (being self-adjoint from
Theorem 4.3), we see that x € Z(4"/?) = H, and 4"/?>x = y. In particular, H,
is complete.

(i) 9(4") = V, < H.
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Let x € Z(4"). If k<1, then

/ ).rdEx’x == / )\.rdEXVY
R [k,00)

< [ rapr | e,
k1] (1,00)

< dE,, + / J¥dE,,
[k,1] (1,00)

< / dE, . + / A dE,
R R

=|lx|I* + [[4x|P<oo by (4.5),
so that x € Z(4'/?) = V;.. A similar calculation shows that if & > 1, then

/ N dE,... <||A"x|]* < 00,
R

soxeVl,.

(iii) 2(4") is dense in H,.
Let x € H, = 9(4"/?). Define, for each n e N, x, = E(—o0, n]x. From (2),
(3), and (4) of (4.1), we see that for A € 4,

Ey, x,(A) = (E(A)xn, x1)
= (E(A)E(—00, n]x, E(—00, n]x)
=(E(A n (=00, n])x,x)
=FE (A N (—00,n)).

Consequently, for n>k,

/ I¥dE, . = / J¥dE,
R (—o00,n]N[k,00)

= / J¥dE,
[k.n]

<n? / dEy, = n”"||x|]* < o0,
R

from which it follows that x, € 2(4") for n=k. Moreover, from Properties
(1) and (5) of (4.1), we see that

E(n,00) =1 — E(—o00,n]
and hence

x —x, = E(n, 00)x (n=1).
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Thus

e = xall} = (472 (x = x,), 4" (x = x,))
= (A"PE(n, co)x, A”*E(n, 00)x)
= (A"*E(n, c0)x,A*x) by Lemma 5.2 and (4) of (4.1)

_ /R I PdE g e by (44)

_ / ZIE, s, by (5.1)
(n,00)

- / VdE,., by (5.9) 6.3)
(n,00)

Define i 4 — R by u(A) = |, A A dE, ; then i is a finite, positive measure on
A. Let A, = (n,00) for each n e N; since A, \, &, we have u(A,) - 0 as
n — o0 (see [42, Theorem 1.19, Part (e)]). Consequently, from (6.3), we see
that ||x — x,||, — 0 as n —» oo. It follows that 2(4") is dense in H,.

(iv) (6,%), =K (x5, x) (x € V).
Let x € ;. Then, from (4.5),

(6,1), = / JdE, .
R

- [ e,
[k,00)

>k [ dE.,
[k,00)

=k / dE,,
R

=k"(x,x).

V) (%, 9), = (A'x, ) xe D), yel)

Let x € 2(4") and y € H, = 9(4"/?). By part (ii) of this proof, we see that
x € 9(4"?). From (4.4), we have

(X, y)r = (Ar/zx»Ar/zy) = /l; /‘le dEX,A’/Zy

= / JdE,, by (5.9)
R

=(A"x, y), (6.4)

as required.
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Properties (i)—(v) show that, for each » >0, H, = (V},(:,-),) is an rth left-
definite space associated with the pair (H, 4).

Uniqueness of the Left-Definite Space. Suppose H, = (V;,(-,-),) and H =
(V/,(-,-).) are left-definite spaces associated with the pair (H,A) for some
r>0. Fix x € V//. By Property 3 of Definition 2.2, there exists {x,} < Z(4")
such that x, — x in H as n — oo; that is,

Iy —xll, =0 (n - o).
On account of Property 5 of Definition 2.2, we see that
[ _me; = Ix, — xm“ra

and hence that {x,} is Cauchy in H,. Consequently, there exists X € V; such
that ||x, — x|, — 0 as n > 0o. From Property 4 of 2.2, we see that

—75lbt — I

e, — ¥l < '

1
kr/Z
and

In — Xl <75l — I,

kr/2

Hence x = % € V,. By symmetry, it follows that V., = V/. Moreover, for
x,yeV, =V we have

(X, y); = hm (Xn, y):, = llm (Arxn: J’) = hm (xﬂ’ y)r = (X, y)i
n—00 n—00 n=00
This completes the proof of Theorem 3.1. 1

In Section 2, we remarked that each of the left-definite spaces {H,},-
associated with (H,A4) is independent of £ > 0, where 4 is self-adjoint and
bounded below by kI. Indeed, this follows from the above theorem. For,
suppose H,(k) = (Vi(k),(-,"),;) (respectively, H,(k') = (V.(K'),(-,-),x)) is the
rth left-definite space associated with the pair (H,A4), where 4 is a self-
adjoint operator that is bounded below by kI (respectively, kK'I). By the
above theorem,

Vi(k) = 2(4"?) = V. (k)
and
O s = WP, AP Y) = (@, P (6 p € Vilk) = V(K

That is to say, H,(k) = H.(k').
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7. PROOF OF THEOREM 3.2

Proof. Let r> 0. Define E(r) to be the operator-valued mapping, defined
on the Borel sets of R, by

E(r)(A) = E(A) (A e ), (7.1)

where FE is the spectral resolution of the identity associated with 4. We first
show that E(r) is a spectral resolution of the identity in H,. For x € H, we
have, from the definition of the inner product (-, -),,

IEG)A]? = (A2 E(A)x, A2 E(A)x)

= (A"PE(A)x, A?x)

= /{R VPdEgayny by (4.4)

_ / 2E, by (5.1)
A

= / N dEy by (5.9)
A

< / JdE,
[k,00)

=[x} by (64),

that is to say, E(r)(A) € B(H,) for all A € 4. By the definition of E(r), it is
clear that Properties (1), (2), (4), and (5) of (4.1) are satisfied. Moreover, for
x) y € Hr,

(E)AX, ), = (A PE(A)x, 47 )
=(E(A)A"*x,4*y) by Lemma 5.2
= (4"x,E(A\)A"*y)  since E(A) is self-adjoint
= (A", APE(A)y)
= (x, E(r)(A)y),.

Hence E(r)(A) is self-adjoint for each A e 4. It remains to show that
Property (6) of (4.1) holds for E(r). For Ae % and x, y € H,,



A GENERAL LEFT-DEFINITE THEORY 301
E(r), ,(A) = (E(r)(A)x, ),

=(APE(D)x, 47 y)
== /R j‘r/szE(A)x,Ar/z}’

:/A/lr/2dEx’Ar/2y

= / N dE,, by (5.9).
A
Thus, E(r), , is a complex, regular Borel measure on %; moreover, we have

the formal measure identity

dE(r),, = A dE,,. (7.2)

It follows from the spectral theorem (see Theorem 4.3) that, for each
r >0, there exists a unique self-adjoint operator 4,: 9(4,) = H, — H, with
domain

D(4,) = {er, /R /12dE(r)x,x<oo}. (7.3)
Furthermore, we have the identities
Uy, = [ 2E0), e TU)y e, (7.4)
and
P = [ e, e 7)) (7.5)

From (7.2), we see that

/ P2AE(r),, = / VdE,
R R

it follows from (3.1), (4.3), and (7.3) that 2(4,) = V,.».
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Note that, for x € Z(4,),

K / JAE,, =k / J2dE,
R [k,00)
< / NdE, = / 2dE(r),, by (1.2)
[k,00) R ’

< 00,

and hence that 9(4,) < 2(4). We now show that 4,x = Ax for x € 2(4,).
To this end, fix x € 2(4,) and let y € H,. Then, from (7.2) and (7.4),

(x, y), = /R JdE(r), ,

= / I AE, . (7.6)
R

On the other hand, from (5.8) and (5.9),
(Ax, y), = (4" 4x, 4" y)
= /IR /’Lr/szAx,A’ﬂy

= /R 2YaE, . (7.7)

Comparing (7.6) and (7.7), we conclude that

A;x = Ax (xe 2(4,)). (7.8)

To show that 4, is bounded below by k7 in H,, let x € Z(4,) < V, = Z(A"/?).
Then, from (7.7),
(4,x,x), = / FE,
R
= / AdE 12y g2y from (5.8) and (5.9)
R

=(A(A"?x),A"*x)  from (4.4)
> k(4" x, A"*x)
= k(x,x),.
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To esEablish uniqueness, suppose ﬁ,z H. - H,isa self-adjgint operator such
that A,x = Ax for all x € 2(4,) = 9(A4). Then for x € Y(4,),

(4,x, /Lx)r = (A" Ax, A"* 4x)
= / ;erEAx,Ax by (45)
R

= / ZTdE. . by (5.8) and (5.9)
R

_ / 2dE(),, by (1.2). (7.9)
R

However, by (7.3), we see that x € %(4,) and hence, from (7.8), we have

A, x = Ax = A4,x.

In particular, 4, is a self-adjoint extension of the self-adjoint operator A,
which forces 4, = A4,. 1

8. PROOF OF THEOREM 3.4

Proof. (a) If 4 is bounded, then so is 4" for any » > 0; consequently, we
may take Z(4") = V for all » > 0. Hence, from Property 2 of Definition 2.2,
we see that ¥, =V for all »>0. Moreover, from Properties 4 and 5 of
Definition 2.2,

K (x,x) < (x,x), = (d'x, ) <[|4"|(x,x)  (xe V),

so the inner products (-, -) and (-, -), are equivalent. This completes the proof
of Part (a).

(b) If 4 is unbounded, so is 4" for each »>0. Consequently, since
V. = 9(4"/?), it is impossible for ¥, = V; this proves (i).

To show (ii), let 0<r<s and suppose x € V; so fR ZdE, <oo0. If k> 1,
then

/ JdE,, — / JdE,. < / BBy, = / P dEs <.
R [k,00) [k,00) R
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If k<1, then

/ JdE,, = / P dE,
R [k,00)

= | FdE. + / V' dE,,
[k,1] (1,00)

< / dE.x + / 2 dE,
R R

=|xI” + / JSdEy < 0.
R

In either case, we see that x € V;. Suppose, for some 0 <r<s, V; = V;; thatis
to say, 2(4°%) = 2(4"/?). Write s=r+¢; then, from the identity
A2x = 4¥12(47%x), we see that

RA?) = DA,

where 2(47/?) denotes the range of 4’/2. However, since 4’/? is bounded
below by k"/2I, we have 0 € p(4"/%). Hence, from well-known results, we
have #(4"/?) = H, forcing Z(4%*) = V. This implies, of course, that 4%/ is
bounded, contradicting our hypothesis. Hence, for 0 <r<s, V; is a proper
subspace of V..

To prove (iii), let x € V'\V; so

x| = / dE ., <00  but / FdE,, = 0o.
[k,00) [k,00)

ForneN, n>k, let

x, = E[k,n)x. (8.1)
Clearly each x, € V; moreover, since E,, , (A) = E. (A N [k,n)), we have
(xnsxn)s = / j:s‘dEx,,,xn
[k,00)

- / PdE,,
[k,n)

< x| < o0,
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so x, € V; for each n > k. On the other hand, for n >k,
(xmxn)s :/ }“sdEx,x
[k.n)

- ZdE,x = 00,
[k,00)

while

(X, X4) = / dExn Xn
[k,00)

= dE.
[k.n)

< / dE,
[k,00)

2
= [lIlI".

Consequently, it is impossible for a positive constant ¢ to exist such that

(o, x), < clx, x) (xery).

The proof of (iv) is identical to (iii) with ¥} replacing V where r<s.

To show (v), we remark that, by definition, 2(4,) = %(A4). Suppose, in
fact, 2(4,) = 2(A) for some r > 0. Then, from Theorem 3.2 and Corollary
3.3, we have V., = 5. However, from part (ii), this implies » = 0, which is
impossible.

The proof of part (vi) is similar. 1

9. PROOF OF THEOREM 3.5
Proof. From (3.1), we see that
™), = 2(A")) = DA™ ) = Wy
and
@) = A", AP Y) = (@ D) (v e (V™) = Vi),

and we see that

(Hm)z = Hyy,
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establishing (a) of Theorem 3.5. To show (b), first observe from (4.3) of
Theorem 4.3 that

D((A4,)") = {x € H' /R PPMAE(r),, < oo}

= {x eH / PPMITAE, < oo} by (7.2)
R

— @(A(2m+r)/2) by (43)
= VZm+r by (31)’ (91)

where E(r) is the spectral resolution of the identity of A4, in H,.
Consequently, the operator (4,)": H, — H, given by

(4,)"x = A™x

9.2)
X € 9((14/)’") = Vamsr

is a self-adjoint restriction of 4™ in the rth left-definite space H,.
On the other hand, since

(Hm) = H,

r/m
and
@((Am)r/m) = (Vm)r/m+2 = V2m+r’

we see that the (r/m)th left-definite operator (A™),/m: Hy — H, associated
with the pair (H,A4™) is given by

(Am)r/mx =A"x

9.3)
X € g((Am)r/m) = V2m+ro

From the uniqueness part of Theorem 3.2, we conclude from (9.2) and (9.3)
that

A™), ) = (4",

proving the first statement in (b). The second part of (b) follows in a similar
manner.
Regarding Part (c) of the theorem, note from (3.1) and (9.1) that

)y = D(An)"?) = V. (9.4)
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Moreover, for x,y € V), = Viirs

05 Wy = () P, (4 7 ),
:(A’/zx,A’/zy)m since A4,, is a restriction of A4
= (A" Px), 4" APy)) by (32)
— (A(n1+r)/2x’A(m+r)/2y)

= (x, y)err by (32)

Consequently, we see that (H,), = Hu+
From (3.3) and (9.4), we see that

D(An),) = V)i = Vinrsa-

Therefore, the left-definite operator (4,,),: Hytr = Hpyir 1S given by

(Am),x = Apx = Ax
x € Z((Am),) = Vinrrs2-
On the other hand, from (3.3), the left-definite operator 4,,., is a self-adjoint

restriction of 4 in H,,, with domain 2(4,,.,) = Vys,12. Thus, from the
uniqueness condition given in Theorem 3.2, we conclude that

(Am)r = Am+r~
The proof of Theorem 3.5 is now complete. 1

COROLLARY 9.1.  With the same conditions and notation as in Theorem
3.5, we have

A"y, = d)". 9.5)

That is to say, the first left-definite operator associated with (H,A™) is the mth
power of the mth left-definite operator associated with (H,A).

We remark on an interesting application of this corollary in the last
section of this paper (see Remark 13.3).

10. PROOFS OF THEOREM 3.6 AND THEOREM 3.7

Proof of Theorem 3.6. For each r > 0, we denote the associated spectral
family (see (4.2)) of E(r), the spectral resolution of the identity for A,
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(see 7.1), to be {E;(r)} cr, Where each E;(r) is defined by
E)(r) = E(r)(—o0, A].

From (7.1), we see that

E,(r)=E, (r>0, 2€eR).
Consequently, from Theorem 4.2, we have that o¢,(4)=0,4,),
.(4) = a.(4,), and p(4) = p(4,), for each r>0. However, we include a
separate proof that the point spectra of 4 and each 4, are equal; this proof is
important in that it shows that the eigenfunctions of 4 are the same as the
eigenfunctions of each 4,.

Let »> 0. Suppose p € 6,(4); hence there exists a nonzero x € Z(4) such
that Ax = ux. Clearly, x € 2(4") so that from Theorem 4.3,

/ JPdE. <00 (neN)
R

and A"x = p"x. Choose n € N such that » + 2<2n. Then, if k<1,

/ /1r+2dEX’x — / ;Lr+2dEx,x
R [k,00)

_ / /1V+2dEM+/ FYUE,,
[k,1] (1,00)

< dE,, + / JPdE,
[£,1] (1,00)

<P + 4P <00 by (4.5) and (5.3).

If k> 1, then

/ NE,, = / N 2dE,,
R [k,00)

< / I dE,
[k,00)

= ||4"x||* < 00.

Consequently, xe Z(4,) ¢ 9(A4), Ax =Ax = ux, and 0c,(4) < o,(4,).
Since 4, is a restriction of A4, the inclusion ¢,(4,) < 6,(4) is clear. 1

To prove Theorem 3.7, we begin by first proving the following
lemma.
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LEMMA 10.1.  Suppose A is a self-adjoint operator in H. If Ax = px then,
for each s >0,

A’x = u'x.
Proof. Let ye H and A € 4. Then, from (5.12),
HEyy(A) = (E(A)px, y) = (E(A)Ax, y)
= / JdEy . (10.1)
A
On the other hand,
UEx (A) = ,u/AdExjy. (10.2)
Define o: 4 — C by

o) = [ G0,

From (10.1) and (10.2) we see that ¢ is the zero measure; that is to say, if
f(2) is any Borel measurable function then

/ f()de =0  (Ae ).

A

Choose A € % such that u¢ A and let f(1) = 1/(A — ). Then
0= [ rirda= [ - wa., = [ ae..

That is to say, if u¢ A then E, ,(A) = 0. Hence, for y € H,
(A°x, y) = / AdE,, = / dE,
R )

5
:#s dEx,y _ 'uv/ dEx,y
i R
=(’x, y).
It follows that Ax = u'x. |

We are now in position to prove Theorem 3.7.

Proof. Suppose that {¢,} is a complete set of eigenfunctions of 4 with
Ap, = Ay, (n € Np). From Theorem 3.6, we see that {¢,} < 2(4,). To
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show that {¢,} is complete in H,, it suffices to show that if f e H,
satisfies

(/50,0 =0 (neNo),
then f =0 in H,. Now
0=(fsp,), = A1, 47 0,) = 17U 1, 0,)
by Lemma 10.1. Since A, >0, we see that (4/f,¢,) =0 (neNy) and
hence, from the completeness of {¢,} in H, we have that A2 =0.
Consequently,
A1 = @72 f,472 ) =0,

and hence f =0in H,. 1

11. EXAMPLE: A SELF-ADJOINT OPERATOR IN ¢?

Let £? denote the usual Hilbert space of square-summable sequences of
complex numbers with inner product

o0
@)=Y XuIn
n=1

for x:(xn):il :(xlsxzy"'axna"') and y:(yn):[il :(J’lsJ/Z,---,
Vs e os) €07
Define 4: 2 — £* by

Ax = (x1,2x2, ..., 01Xy, .. .),

for

x€9(A) = {x = ()2, el?

o0
Z n2|x,,|2<oo .

n=1
It is not difficult to show that 4 is an unbounded, self-adjoint operator with
spectrum a(4) = N. Moreover,

[e¢]

(o)
x,x) =D nbe =l = (60),

n=1 n=1

so 4 is bounded below by 17 in £2.
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The spectral resolution of the identity E: # — B(H) associated with A4 is
given by

EBx= > xe, (Be#: x=(x)>, el

neNB
where
en=(nmly=y  (meN) (1L.1)
and, for each n,m € N, J,,, is the Kronecker delta function. Moreover,

E.(B)=(EB)X,y)= Y x5 (BeB x=@), y=w €
neNnB

In particular,

Ecy({n}) =x,5,  (neN) (11.2)

and

/ 2,dE XX — Z / 2rdEx‘C - 2r|xn|2 (X = (xn) =1€ 52)

ny 1

Hence, for each » > 0, we see from (4.3) that

> nzrlx,,|2<oo}. (11.3)

n=1

94" = {x = (),

For each » > 0, define

n=1

V, = {x ()2, e l?

o0
> nr|xn|2<oo} (11.4)

and define (-,),: ¥, x V. > C by
[o¢]
) =D mn =), y=Gu e). (115
n=1
Let

H, = (Vra (9)r) (116)

Our first result concerning the left-definite theory associated with (£2,4) is
given in
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THEOREM 11.1.  For each r >0, the inner product space H,, defined in
(11.4), (11.5), and (11.6), is the rth left-definite Hilbert space associated with
(L%, 4).

Proof. We must show that, for each » > 0, H, satisfies the five properties
listed in Definition 2.2.

(i) H, 1s a Hilbert space.
For each n € N, let x, = (x,,1,X,2,...) and suppose that {x,},”, is Cauchy
in H,. Let ¢ >0; then there exists N = N(¢) € N such that for m,n=N we
have

2
X — Xall; <&

In particular,

&> jomg = X =Py — % GEN: ma=N). (117
j=1

Hence, for each j e N, {x,;},°, is Cauchy in C so there exists «; € C such
that

Xpj = O (n — 00).
Let
X = (00,00,...,08,...).

From (11.7), we see that, for each pe N,
J2
> P —xajfF <& (mn=N;
J=1
letting n — o0 in this equality yields
p
ST Sy — P < m=N).
=1

If we now let p —» 0o, we see that

o0
2 . 2
X — XIZ =Y Sy — o2 <e? (m=N).
j=1
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That is to say, x,, —» x in H,. Moreover,

lIx[l, <[lx = xnll, + [xnll, <& + Xyl <00,

so x € H,. Hence H, is complete.
(i) 2(47) < V. < 2.

Let x=(x1,x2,...,%,...) € 2(4"). From (11.3) and the inequality
02 |x, 2 =1 ) (n e N), we have from the Comparison Test for Infinite
Series that x € V.

(iii) 2(A4") is dense in H,.
Define, for each n e N,
Cnr = en/nr/zs
where e, is given in (11.1). It is well known that {e,} -, is a complete

orthonormal set in ¢2. Furthermore, it is easy to see that {e,,}~, is an
orthonormal set in H,. Moreover, if x = (x|,x2,...,X,,...) € H, is such that

0= (x: en,r)r = nr/an (l’l € N):

then x = 0. Hence {e,,},”, is a complete orthonormal set in H,. From well-
known Hilbert space results (see [42, Theorem 4.18]), we see that the set £ of
all finite linear combinations of elements from {e,,} *, is dense in H,. But
since ey, € Y(A") for each n e N and Z(4") is a subspace of V;, we have
E < 9(4"); consequently, 2(4") is dense in H,.
(iv) (x,x),=(x,x) (x € V7).
Let x € V.. Then

o0

o0
2 2
@x), =Y 1l =l = @)

n=1 n=1

V) (x, ), = (A'x,y) (xe Z(A"), yel).
Let x = (x1,x2,...)€2(4") and y= (y1,»2,...)€V,. From (4.4) and
(11.2), we see that

8] 00
CESIEDD /{ } HdEcy = x5 = (x.),.
n=1 n n=1

This completes the proof of the theorem. 1

From Theorems 3.2 and 3.6, we have the following result concerning the
rth left-definite operator A4, associated with (¢2,4).
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THEOREM 11.2.  For each r > 0, let A,: H, — H, be defined by
Ax = (x1,2x2,...,0%,,...) (x = (xy),24 € 2(4,)),

where

n=1

Z 02 x, P <00 b

9(4,) = {x = (), €l

Then A, is the rth left-definite operator associated with the pair (£2,4). In
particular, A, is an unbounded, self-adjoint operator in H, with o(4,) = N.

12. EXAMPLE: THE LAGUERRE DIFFERENTIAL EQUATION
AND LAGUERRE POLYNOMIALS

In this section, we determine explicitly:

(a) the sequence {H,} -, of left-definite spaces associated with the self-
adjoint differential operator 4 in L*((0, 00); *e™"), generated by the classical
second-order Laguerre differential expression £[-] defined by

1
O == (=@ e Y @) +kte ' y(1)) (1€ (0,00), (12.1)

having the Laguerre polynomials {L%(7)},", as eigenfunctions;

(b) the sequence of left-definite self-adjoint operators {4,} -,
associated with (L2((0, 00); #*e~), ), and their domains {2(4,)},°; and

(c) the domains Z(4") of each integral power A” of A. In particular, we
give a new characterization of the domain Z(A4) of A that is independent of

o> —1 (see Corollary 12.9).

Even though the theory developed to this point guarantees the existence
of a continuum of left-definite spaces {H,},., and left-definite operators
{4,},59 (they are all differential operators), we can only explicitly determine
the left-definite spaces, their inner products, and the domains of the left-
definite operators when r is a positive integer. A careful explanation for why
this is the case will be given later in this section.

For the rest of this section, we fix o« > —1; moreover, unless otherwise
specified, we shall assume that £ is a fixed, positive constant. To simplify the
notation, we refer to certain self-adjoint operators as 4, 4", 4, etc., instead
of A es Ay js Anks €LC., respectively; likewise, we suppress the dependence on
o and k when we refer to the various left-definite spaces and the Laguerre
differential expressions.
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In most textbooks on special functions it is customary to set £ = 0 in the
Laguerre equation. However, for spectral reasons, it is necessary that & > 0;
a specific reason for this will be given shortly.

When 2 =m e Ny, the equation {[y](z) = (1 + k) y(¢), which in nonsym-
metric form can be rewritten as

' +0+a—0y +my=0,

has a polynomial solution L% (f) of degree m; the sequence of polynomials
{L2 (1)}, is called the generalzzed Laguerre or Laguerre—Sonine polyno-
mials. These polynomials form a complete orthogonal set in the Hilbert
space

L2(0,00) = L*((0, 00); e ") (12.2)

of Lebesgue measurable functions f: (0,00) — C satisfying || /|| < co, where
|| - || is the norm generated from the inner product (-,-), defined by

(f.9) = /O T fgoretd (f.g € L2(0,00). (12.3)

In fact, with the mth Laguerre polynomial defined by

1/2
v 1 (=Y [m+o ;
L) = (F(oc + 1)('",?)) Z J! (m —j)ﬂ (m & No),

J=0

it is the case that {L}(7)},,_, is orthonormal in Li(O, 00); that is,

(L2, L) = Oy (m,r € Np), (12.4)

where 9, is the Kronecker delta function. We refer the reader to [40, Chap.
12] or [45, Chap. V] for various properties of the Laguerre polynomials. One
particular property that we will repeatedly use throughout this section is the
derivative formula

d/(Ly,(1)

— — Cnl® D20 (m,j e No), (12.5)

where
C(, )) = (—1) (P(m, j))'? (12.6)
and

Pm,j)=m(m—1)---(m—j+1) (m,j € No; j<m). (12.7)
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From (12.5) and the orthonormality of the Laguerre polynomials, we see
that

[ (L (1) (L),
0

otj =t g - .
e e dt = P(m ), (morjeNo). (12.8)
The maximal domain A of ¢~*¢'¢[-] in L2(0, c0) is defined to be
A= {feL;0,00)| f, [ € ACinc(0, 00); 't f] € L;(0, 00)}. (12.9)

Define the operator 4: L2(0,00) — L2(0, ) by

Af(t) =L[f10) (f € 2(4), ae. t>0), (12.10)
where the domain of 4 is given by
D(4) = {feAtli%l‘ t”le’f’(t):O} (12.11)

when —1<a<1 and
PD(A) = A (12.12)

in the case that > 1. Then, as can be seen by the Glazman—Krein—Naimark
theory [33, Theorem 4, Section 18.1], 4 is a self-adjoint operator and has the
Laguerre polynomials {L%(1)} >, as a complete set of eigenfunctions;
moreover, the spectrum of 4 is given by

o(d) = {m+ k|meNo}. (12.13)

For further details on the spectral theory of the Laguerre equation and other
second-order classical differential equations, the reader is referred to [2,
Appendix II, Sect. 9]; [46, Chap. IV], and the account in [37].

It is also well-known (for example, see [37]) that

(Af,f)=/ [ e OF + ke | f(OFlde=k(f, f)
0

(f € 2(4)). (12.14)
That is, 4 is bounded below in Li(O, o0) by kI. It is this inequality that

explains the importance of the positivity of £ in (12.1). Consequently, we can
apply Theorems 3.1, 3.2, and 3.6. Note that (:,-),, defined by

(f.91 = /0 e P OF 0 + kS OGOME (f.g € D),
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is an inner product; in fact, it is the inner product for the first left-definite
space associated with the pair (L2(0, 00), 4). Moreover, the closure of Z(4) in
the topology generated from this inner product is the first left-definite space
H, associated with (L2(0, 00), 4).

We now turn our attention to the explicit construction of the sequence of
left-definite inner products (-,-), (n € N) associated with (L2(0, 00), 4). As we
will see, these are generated from the integral powers £"[-] (n € N) of the
Laguerre expression £[-], given inductively by

'l =yl Cl=elD,....0p=e ') (eN).

A key to the explicit determination of these powers is certain numbers
{b;(n, k)};?:0 which we now define.

DerintTION 12.1. ForneN and je {0,1,...,n}, define

J_o(_ 1N+
bny =3¢ j,) j(?)(kﬂ)". (12.15)
i=0 :

If we expand the term (k+1i)" in (12.15) and switch the order of
summation, we find that

n J (_1)i+j J e n .
S

(")) m
= 2\ S k" (12.16)
where
J i+j [ ;
() . -1 J Y .
st _; F (i i (n,j € No) (12.17)

is the Stirling number of the second kind. By definition, S¥) is the number of
ways of partitioning n elements into j nonempty subsets (in particular, S§ =
0 for any j € N); we refer the reader to [1, pp. 824-825] for various properties
of these numbers. Consequently, we see that

0 ifk=0
bo(n, k) = % (12.18)
k" if k>0,
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and, for je {1,2,...,n},
S/ if k=0

A (n )Sﬁﬂmkm if k> 0.
m

(12.19)

In order to develop more properties of these numbers, we first prove the
following lemma.

LEMMA 12.1. Let m,n € N.

(1) If m<n, z;'_,,,<—1y‘<j.> (;1) = (=18

@ trm<n S (1) (1) = e

Proof. The proof of (1) follows from the identity

Consequently, for m<n,

O:,Zn:m (_1)/(;) (fn) =jZ; (—1Y‘<;> (;) +(—1)n<:,>;

this proves (2). 1

LEMMA 12.2. For each n € N, the numbers b; = b;(n, k), defined in (12.15),
satisfy the following properties.

(1) For k>0, the numbers {bj(n,k)};.’zo are positive.
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(2) They are the unique solutions to the equations

n

(m+k)" =" Pmj)b;  (meN), (12.20)
j=0

where P(m, j) is defined in (12.7).

Proof. Property (1) follows immediately from the positivity of the Stirling
numbers of the second kind and the formulas listed in (12.18) and (12.19).

Since both sides of (12.20) are polynomials in m of degree n and since P(m, j)
is a polynomial in m of degree j, it is clear that the numbers {5, }” o €xist and
are unique. Furthermore, it is clear that, for fixed » e N and k& > O each b; is
independent of m € N in (12.20). By setting m = 0 in (12.20), we obtain

by = K",

which agrees with (12.15) when j = 0.
Suppose the number b;, given in (12.15), satisfy (12.20) for
j=0,1,...,r — 1 <n. Then, with j = r<n and m = r, we see that

(r+ k)" =" P(r.j)bj=Y_ P(r.j)b;  since P(r,j) =0 if j>r,
J=0 Jj=0

so that

r—1

b, =(r+k)" — Z P(r. pb;

J=

(=1

r—

J _1\itJ
=(r+k)" - ( 1) P(r])( >(k+l)"

j=0 i=0

Switching the order of summation yields

(r+k> Z( 1)(k+z) Z( 1y< )( >

:(V_|_k)n—'—Z ( I)Hrr

|
r. =0 7!

i+r
_Z( 2 ( )(k+)

( )(k + )" by Lemma 12.1, Part (2)

This completes the proof. 1
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With £ denoting the space of all (possibly complex-valued) polynomials,
we are now in a position to prove the following theorem.

THEOREM 12.3. Let ne N and let {[-] denote the Laguerre differential
expression defined in (12.1). Then

/0 CLaOa0 e dr

n o0
= Z bi(n, k) / g He ldt (pge?).  (12.21)
=0 0

Furthermore, €"[-] is Lagrangian symmetrizable with the symmetry factor
w(t) = t*e™", and the Lagrangian symmetric form of t*e'€"[-] is given by

e Y|t = Z (= 1Y (bj(n, k)t e Y1), (12.22)
j=0

where {b;(n, k)}_;?:0 are the numbers defined in (12.15) or (12.18) and (12.19).

Proof. Since the Laguerre polynomials {L%(#)}, , form a basis for 2, it

suffices to show that (12.21) is valid for p =L’ (¢t) and ¢ = L%(¢), where
m,r € Ny are arbitrary. From the identity

LAV = (m+ b)"LE@E)  (m e Ny) (12.23)

it follows, with this particular choice of p and ¢, that the left-hand side of
(12.21) reduces to (m + k)"9,,,. On the other hand, from (12.8), the right-
hand side of (12.21) becomes

n

> P, Ybj(n, k).

J=0

From Lemma 12.2, Part (2), we conclude that (12.21) is true for our choice
of polynomials p and g.
To prove (12.22), define the differential expression

1
t*e

DI = 3 1Bk e ). (12.24)
=0
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For p,gqe? and [a,b] = (0,00), we apply integration by parts to
obtain

b
[ mtoaore a
= i (— l)fbj(n, k) i (_ l)r-H (p(j)(t)toc-‘rje—t)(j—r)q(r—1)(t)|2
=0 r=1
J . , | | |
+) bink) / p0gV e dt
Jj=0 a

Now, for any pe 2, (pV()r*te )V = tp;()t*e”" for some p;, € 2.
Consequently, as a — 07 and b — oo, we see that

| mtooiore a
- Z bj(n, k) / gV e ldt (pge?).  (12.25)

Hence, from (12.21) and (12.25), we see that for all polynomials p and ¢, we
have

("[p] — mlp),q) = 0.

From the density of polynomials in Z2(0, 00), it follows that

Cpl0) = mlpl®) (> 0) (12.26)

for all polynomials p. This latter identity implies that the expression £”[-] has
the form given in (12.22). 1

For example, we see from this theorem that
Fe PN = (e ) — (k+ D ey + ey
and

taeitf’%[y](t) — _ (tcc+3 —t ///)///+((3k+3)tc¢+2 —t //)//
— (K> + 3k + D e 'y + e y.

The following corollary lists some additional properties of £"[-].
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COROLLARY 12.4. Let neN. Then

(1) the nth power of the classical Laguerre differential expression,
LI = -0+t — 1 =)y @),

—t

is symmetrizable with symmetry factor w(t) = t*e™" and has the Lagrangian

symmetric form
Pe L) =D (—1Y (S e YD),
j=1

where S\ is the Stirling number of the second kind defined in (12.17);
(2) the bilinear form (-,-), defined on 2 x ? by

(2@, = Y, bi(n,k) / WO 0eedt (pge?)  (12.27)
=0 0

is an inner product when k > 0 and satisfies
'lpl9) =(p.0),  (P.q€P); (12.28)

(3) the Laguerre polynomials {L% (1)}, are orthogonal with respect to
the inner product (-,-),, and in fact,

n

*L%), = Z by(n, k) / djfl:,(’) d/L;(’) P tdt = (m 4 K)'Smy. (12.29)

Proof. The proof of (1) follows immediately from Theorem 12.3 and the
identities (12.18) and (12.19). The proof of (2) is clear since the numbers
1bj(n, k)};fzo are positive when k > 0. The identity in (12.28) follows from
(12.25) and (12.26). Lastly, (12.29) is a special case of (12.28), using (12.4)
and (12.23). 1

For results that follow in this section, it is convenient to introduce the
following notation. For n e N, let

ACD(0,00) = {f: (0,00) > C| £, £, f7D € ACioe(0, 00)}.
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Also, for o> —1 and j e Ny, let Liﬂ

(0, 00) be the Hilbert space defined by

LiH(O, 00) = {f: (0,00) > C| f is Lebesgue measurable and

o0
/ uﬁw@ﬂm<m}, (12.30)
0

with inner product [~ f()g()*He'dt (f,g € L, (0, 00)).
DEFINITION 12.2.  For each n € N, define

V= {f: (0,00) » C| f e ACD(0, 00);

loc

j 2
f(/) c Loc+j

0,00) (j=0,1,...,n)}, (12.31)
where each LiH(O, o0) is defined in (12.30), and let (-,-), and || - ||, denote,
respectively, the inner product

(fﬂhiibﬂmk{/wfwommﬁﬁ”%’m (fogeh),  (1232)
Jj=0 0

(see (12.27) and (12.28)) and the norm || f]|, = (f, f),11/2, where the numbers
bi(n, k) are defined in (12.15).

The inner product (.,-),, defined in (12.32), is a Sobolev inner product
and is more commonly called the Dirichlet inner product associated
with the symmetric differential expression (12.22). We remark that, for
each r > 0, the spectral theorem abstractly gives the rth left-definite inner
product to be

UMLZA”ﬁﬁ (f.g€V,),

where E is the spectral resolution of the identity for 4. However, unlike in
the previous example, we are able to determine this inner product in terms of
the differential expression £'[-] only when r € N.

We aim to show (see Theorem 12.8) that

Hn = (Vm ('s )n)

is the nth left-definite space associated with the pair (L2(0, ), 4), where 4 is
defined in (12.10), (12.11), and (12.12). We begin by showing that H, is a
complete inner product space.

THEOREM 12.5.  For each n € N, H, is a Hilbert space.
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Proof. Suppose {f,},_, is Cauchy in H,. Since each of the numbers
b (n k) is positive, we have in partlcular that {f"W}>  is Cauchy in
(0, 00) and hence there exists g,41 € L2, (0, 00) such that

,<+n o+n
S > gu in L, (0,00).

Fix ¢, tp > 0 (¢t will be chosen shortly) and assume 7y <¢. From Holder’s
inequality,

/ @) = guer(0)ldu

! o+n —0—n
:/ |frf1n)(”) — a1 @ 2 e U2 e Pdu

1/2 ¢
(/ L£9) = gn1 (e e d ) (/ u‘“‘"e“du)

1/2
:M(to,r)< / |f,,<f>(u)—gn+1<u)|2u“+"e"du) >0 asm - oo,
to

1/2

Consequently, since £~V e 4Cjoc(0, 00), we see that
t

£ — 10 D) = / 1~ [ grade (1233
to

and, in particular, g, eLfOC(O, 00). Furthermore, from the definition of
(,-),» we have see that the sequence { f(”‘”}OC is also Cauchy in
L2, 1(0,00); hence there exists a function g, € L2, 1(0 00) such that

fi=h in L2, 1(0,00).

mn
Repeating the above argument, we see that g, € L} (0,00) and, for any
t,t; >0,

F00(0) — £ D) = / F0 D) - / e, (12.34)

Moreover, there exists a subsequence { /" U} of { =D} such that

Mg p—1

f” V(6> gu()  ae t>0.

Choose 7y > 0 in (12.33) such that f{7"")(19) — ga(ty) and then pass through
this subsequence in (12.33) to obtdln

4u0) — gn(t0) = / Goidn (. £ 0)

fo
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That is to say,
gn € AC15c(0, 00) and g.(t) = gp1(t) ae. £>0.  (12.35)

Next, we see that { £"~2}> | is Cauchy in L2, ,(0, 00) so there exists g,_; €
L2, 5(0,00) such that

fU2 5 g, in L2, 5(0,00).

m

As above, we find that g,_; € Llloc(O, 00); moreover, for any ¢, >0
t t
10~ 1076 = [P~ [ g,
%) 15}

and there exists a subsequence {2} of { =2} such that

M p—2
S0 > gaa()  ae t>0.

In (12.34), choose #; > 0 such that f"~2(#;) - g,_i(¢;) and pass through the

M p—2

subsequence { "2} in (12.34) to obtain

M p—2

Grt (1) — gor(t1) = / gn(du (a1 0).

41
Consequently, g, 1 € ACI((Q(O, o0) and ¢ (t) = g, () = gnp1(t) ae. t>0.

Continuing in this fashion, we obtain n+1 functions gu4i—;€
L3, /0,00 0 Lj,(0,00) (j =0,1,...,n) such that
(1) ]L”_k) = Gn_j+1 IN L§+n7k(0, ) (k=0,1,...,n),
(i) g1 € AC"V(0,00); g2 € ACYP(0,00), . . ., gu € ACine(0, 00),
(i) ¢, () =gnsr1(H)ae t>0((k=0,1,....,n—1),
(iv) g(lj) =g (G=0,1,...,n).
In particular, we see that £ — ¢' in L2

Hj(O,oo) for j=0,1,...,n and
g1 € V,. Hence, we see that

n 00 ] )
= el = > b [ 1790 = oGP e
Jj=0
-0 as m — 0Q.

Hence H, is complete.

We now show that 2 is dense in H,; consequently, {L%()},_, is a
complete orthogonal set in H,. We remark that we cannot appeal to
Theorem 3.7 to conclude that the Laguerre polynomials are complete in H,,.
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Indeed, we do not know at this point that H, is the nth left-definite space
associated with (L2(0, 00), 4).

THEOREM 12.6.  The Laguerre polynomials {L% (1)}, _, form a complete
orthogonal set in the space H,. In particular, the space & of polynomials is
dense in H,.

Proof. Let f € H,; in particular, f™ e L2 o
completeness and orthonormality of {L%™(£)}>_, in L2

(0, 00). Consequently, from the

. +n(0, 00), it follows that

Z CnnlZ" — £ as r — oo in L2, (0,00),

o+n
where the numbers {c,,,}_, = ¢ are the Fourier coefficients of /™ defined by
o0
Con = / f(")(z)Lf‘n”(t)t“”e*’dt (m € Ny).
0

For r>=n, define the polynomials

pilt) = ZC’"(;’;) .

where the numbers {Cy,(a,n)},~, are defined in (12.6). Then, using the
derivative formula (12.5) for the Laguerre polynomials, we see that

p?)(t):zw L@ (=12..),  (1236)

= Cula,n)
and, in particular, as » — o0,
P = Z CmonplZ" — O in L2, (0,00).
Furthermore, from [42, Theorem 3.12], there exists a subsequence {p{”} of

{p™} such that
PO — ) as j - oo (ae 1>0). (12.37)

Returning to (12.36), observe that since C,(a,j)/Cu(a,n) = 0 as m — oo for
j=0,1,...,n— 1, we see that

{cmn,ncm(a,j)}”
Cul,n) ),
is a square-summable sequence. Consequently, from the completeness of

{LEF(0)} o in L“ +/(O, 00) and the Riesz—Fischer theorem (see [42, Chap. 4,
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Theorem 4.17], there exists g; € L, ;(0, 00) such that

py) — g, in L§+j(0’ x)asr—o00 (j=0,1,...,n—1). (12.38)

Since, for a.e. a,t> 0,
‘ ‘
A0 = @ = [ s~ [
=ff"’”(t) " @) (-0,
we see that, as j — 00,
U0 - (@0 + e ae 1> 0, (12.39)
where ¢; is some constant. From (12.38), with j = n — 1, we deduce that
gn1(t) = V() +¢; ae t>0.
Next, from (12.39) and one integration, we obtain
P - MO+ et (- 0),
for some constant ¢, and hence, from (12.38),
gn2(0) = fO7O + ert + 2.

We continue this process to see that, as » — 00,

P = P4 qu 0 inL2,(0,00) (j=1,2,...,n),
where ¢,_;_1 is a polynomial of degree <n —j—1 (g—1 = 0) satisfying

Gy jo1(O) = guj2(2).
For each r>n, define the polynomials
nr(t) = pr(t) - anl(f)

and observe that

ST, )
==,
= Pﬁ’) — qn—j-1

—>f(/) in Liﬂ'

(0, 00).
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Hence,

n 00
If = mdls = byn.k) / |fPw) — 7V Pu e du
j=0 0
-0 asr —»o00. 1

The next result, which gives a simpler characterization of the function space V;,
follows from ideas in the above proof of Theorem 12.6.

THEOREM 12.7. For each n e N,

V, = {f: (0,00) > C| f eAC™ (0, 00); f™ e L2, (0,00)}, (12.40)

loc otn

2
where L,

(0, 00) is defined in (12.30).
Proof. Define

Vo= 1{f: (0,00) = C| f € 4G (0, 00); [ € L7, (0, 00)};
it is clear, from the definition of ¥, in (12.31), that ¥, < V. Conversely,
suppose f € V! so f® e L2, (0,00) and f € AC" (0, 00). From the proof
of Theorem 12.6, we see that there are polynomials {n,} < L2, (0, 00) such
that

) - fPin L},

0,00) (j=0,1,...,n—1).
That is, /) eLiﬂ(O,oo) forj=0,1,...,n—1,s0 feV,. 1
We are now in position to prove the main result of this section.

THEOREM 12.8. (a) For o> —1 and k > 0, let A: 9(4) = L*(0,00) — L2 x
(0, 00) denote the self-adjoint operator, defined in (12.10), (12.11), and (12.12),
having the Laguerre polynomials {L? ()}, as a complete set of eigenfunc-
tions. For each ne N, let V, be given as in (12.31) or (12.40) and let (-,),
denote the inner product defined in (12.27). Then H, = (V,,(-,-),) is the nth
left-definite space associated with the pair (L2(0,00),4). Moreover, the
Laguerre polynomials {L’ (1)}, form a complete orthogonal set in H,,
satisfying the orthogonality relation (12.29).

(b) Define

A, 9(4,) < H, — H,
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by
4,00 = (110 (ae. te(0,00))
for
[ €D(4y) = {f: (0,00) > C| f € ACnS (0, 00); f"2 € L2, 5(0,00)},

(12.41)

where (-] is the Laguerre differential expression defined in (12.1). Then A, is
the nth left-definite self-adjoint operator associated with the pair (L(0, 00), A).
Furthermore, the Laguerre polynomials {L%(t)}."_, are eigenfunctions of A,
and the spectrum of A, is explicitly given by

o(d,) = {m+k|meNy}.
Proof. To show that H, is the nth left-definite space for the pair (L2(0, 00), 4),
we must show that the five conditions in Definition 2.2 are satisfied.

(i) H, is complete.

The proof of this condition is given in Theorems 12.5 and 12.7.

(i) 2(4") = H, = L*(0, 00).

Let f e 2(A"). Since the Laguerre polynomials {L%(2)} >, form a
complete orthonormal set in L2(0, 00), we see that

p; — f in L2(0,00), (12.42)

where
J
pit) =Y enll(®),
m=0

and {cu},_, are the Fourier coefficients of f in Li(O, 00) defined by
o= (L) = [ FOLofe d e
0

Since 4" f € L3(0, 00), we see that

J
dL% — A"f  in L2(0,00),
0

m=
where

dy = A"f,L3) = (f,A"L}) = (m + k)" (f, L}) = (m + k)" c;
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that is to say,
A"p; > A" f in Li(O, 00).
Moreover, from (12.28), we see that

lp; — plly = A" (p; — p). 0 — Pr)
-0 as j,r — o0.

That is to say, {pj};‘0 is Cauchy in H,. From Theorem 12.5, we see that
there exists g € H, < L2(0,00) such that

D=4 in H,.

Furthermore, by the definition of (:,-), and the fact that by(n, k) = k" for
k>0, we see that

(pj — 9P — g)n/k (pj 9. Pj — g)’

hence

pi—g  in L3(0,00). (12.43)

Comparing (12.42) and (12.43), we see that f = g € H,; this completes the
proof of (ii).
(ii1) 2(4") is dense in H,,.
Since polynomials are contained in Z(4") and are dense in H, (see
Theorem 12.6), it is clear that (iii) is valid. Furthermore, from Theorem 12.6,

we see that {L%(¢)},~_, forms a complete orthogonal set in H,; see also
(12.29).

V) (s N ZK"(f, 1) (f € V).

This is clear from the definition of (-,-),, the positivity of the coefficients
bj(n, k), and the fact that by(n, k) =

V) (f59), = A" f,9) (f € Z(A"),g € V).

Observe that this identity is true for any f, g € 2; indeed, this is seen in
(12.28). Let f € 9(4") < H, and g € H,; since polynomials are dense in both
H, and L*(0,00) and convergence in H, implies convergence in L%(0, 00),
there exist sequences of polynomials { pj}‘;io and {qj};io such that

m=0

p; — fin H,, A"p; - A" f in Li(O, 00) (see the proof of part (ii)),

and

q; — ¢ in H, and L2(0, c0).
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Hence, from (12.28),

f.g) = lim (4" pj. qj) = im (p}q;), = (1.9

This proves (v). The rest of the proof follows immediately from Theorems
3.2 and 3.6 upon noting that 2(4,), as defined in (12.41), is V,,, where
V, (n e Ny) is as given in (12.40). 1

The following corollary follows immediately from this theorem.
Remarkably, it characterizes the domain of each of the integral powers of
A. In particular, the characterization given below of the domain 2(A4) of the
classical Laguerre differential operator 4 having the Laguerre polynomials
as eigenfunctions seems to be new.

COROLLARY 12.9. For each n € N, the domain 9(A") of the nth power A"
of the classical self-adjoint operator A, defined in (12.10), (12.11), and (12.12),
is given by

D(A") = Vay = 1f: (0,00) = C| f € ACZD(0,00); 1@ € L2,,,(0,00)}.

loc o+2n
In particular,

D) =Vs = {f: (0,00) > C| feAc)

loc

(0,00);¢f" € L2(0,00)}.

13. FURTHER EXAMPLES AND CONCLUDING REMARKS

In this last section, we connect — through several remarks — results of this
paper to previous work on left-definite theory and the theory of orthogonal
polynomials. In addition, we consider some difficult open questions that are
related to our work.

REMARK 13.1. If B is a densely defined symmetric operator in a Hilbert
space H = (V,(-,-)) having equal deficiency indices and satisfying

(Bx,x) = k(x,x) (x € Z(B))

for some constant £ > 0, then it is known (see [41, pp. 330-335]) that B has a
unique self-adjoint extension 4 in H defined by

Ax = B*x,

xe€YA)=H n Z(B*),
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and satisfying

(Ax, x) = k(x,x) (x € Z2(4)).

This operator 4 is called the Friedrich extension of B. Here, B* is the adjoint
of B and H, is the completion of Z(B) in the topology generated from the
inner product (x,y); = (Bx,y). Consequently, the left-definite theory
developed in this paper can be applied to 4.

ReMARK 13.2. In [11] (see also [48]), the authors discuss the right-
definite and first left-definite theory for the fourth-order Legendre-type
differential equation

MyI@0) =7iy(t)  (te(=L1)), (13.1)
where
M0 = (1 = 27" @) = (8 + 44(1 — £) Y () + ky(0);
Here 4 and k are fixed, positive constants. For each neN, and
A= ly=nn+1)n*+n+44 —2)+k, Eq.(13.1) has a polynomial solu-
tion y = PA(f) of degree n; the sequence {P(1)} ", is called the Legendre-

type polynomials. They form a complete orthogonal set in the Hilbert space
L;[—1,1] with inner product

_ b 1 _
G = [ soa0dn= [ sodna g
FLIMA0) (gD,

As shown in [8] and [11], the operator 4: Li[—1,1] — L2[—1,1], defined by

—8AF (1) +kf(=1) if t=—1
A1) = { ML110) if —1<r<l
84/ (1) + kf(1) if £ =1

with domain

DA)={f: (=1,1) > C| fD € ACioe(—1,1) (j = 0,1,2,3);
f7 M[f]ELz(—l,l)},

is self-adjoint and satisfies

Af. Npzk(f 1)y (f € 2(4)).
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That is to say, 4 is bounded below by &/ in Li[—l, 1]. (We remark that if
f € 9(4), the authors in [11] show that f, f" € AC[—1,1].) In [L1], they
define

V=1{f:[-1,1]1> C| f eAC[-1,1];
S eACio(=1 1) f1,(1 = ) f" e LX(=1, 1)}

and

1
(Foan =5 [ 10 = PP S0 0+ 8 + 4401 = A OF 3
+ k(f,9),  (f.gel).

Combining results from [8] and [11], the authors show that H = (V,(-,-);) is
the first left-definite space associated with (Li[—l, 1],4). Furthermore, in
[11], they construct the first left-definite operator 4; in the manner described
in the Introduction. Although the domain of 4; was not specified in [11], we
now see that Z(4,) = 9(4°/?), where 4 is defined above. At the time of this
writing, the other left-definite spaces H, and left-definite operators 4, (>
0, r#1) associated with (Li[—l, 1], A) are not explicitly known.

We note that the first left-definite theory associated with the Laguerre-
type polynomials, which also satisfy a fourth-order Lagrangian symmetriz-
able differential equation, is also known; see [9], where the first left-definite
space, its associated inner product, and the first left-definite operator are
explicitly determined. Wellman [49] followed this work by analyzing, for
each n € Ny, the right-definite and first left-definite properties for the self-
adjoint operator A4 = A(n), generated by the Laguerre-type differential
equation of order 2n + 4 (see [29]), having the generalized Laguerre-type
polynomials as eigenfunctions. Similarly, the right-definite and first left-
definite theory associated with the Krall polynomials, which satisfy a sixth-
order Lagrangian symmetric equation, was developed and studied by
Loveland in [30].

REMARK 13.3. The left-definite theory developed in the preceding
sections is also applicable to the nonclassical (x = —2) Laguerre differential
expression

(o)) =—ty"+ @+ 1)y +ky (k> 0). (13.2)

For each ne Ny, y =L, %) (the nth degree Laguerre polynomial) is a
solution of

Coa[y)0) = (n + K)y(0).
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Expression (13.2) is made formally symmetric when multiplied by the weight
function w(f) = r~2e~". The classical Glazman-Krein—Naimark theory of
self-adjoint extensions of symmetric differential expressions [33] shows that
{_»[-] has a unique self-adjoint representation 4 in the Hilbert space
L2((0, 00); w(£)); in fact, 4 is bounded below by kI > 0. Moreover, the “tail-
end” sequence of Laguerre polynomials {Z,%(#)}°, forms a complete set of
orthogonal eigenfunctions of 4 in L?((0, 00); w(¢)). This raises the question:
Is there a self-adjoint operator S, generated by £_,[-], in some Hilbert space
W having the entire sequence {L 2(t)};fi‘0 of Laguerre polynomials as
eigenfunctions? In [14], [26] and [27] the authors show that {L 2(t)}2‘;0 forms
a complete orthogonal sequence in the Hilbert space W = (V, (-,-)), where

V={f:[0,00) = C| f, f € ACioc[0, 00); " € L*((0,0); ¢ ")}
and

(f.9) = F0)F0) — F(0)F0) — FO)F(©0) - 2(0)F (0)
+ / 1070 d (fge D).
0

Applying the results of this paper, it is the case that S: 2(S) < W — W is
explicitly given by

Sf=1{,[f],

fea(s) = {f e W| feAC0, 00); / h | D@ rPe " dt < oo}.
0

The key to this result is the decomposition W =W, @ W, into two
orthogonal subspaces W, and W, where W, is finite dimensional and W is
isometrically isomorphic to H,, the second left-definite space associated with
the pair (L*((0, 00); w(¢)), 4). Moreover, it is the second left-definite operator
A» associated with the pair (L*((0, 00); w(z)), A) that generates S. A complete
discussion of the spectral theory for the Laguerre expression (12.1), when «
is a negative integer, is forthcoming in a paper by Everitt et al. [12].

In [14], the authors construct a fourth-order self-adjoint differential
operator T: Z(T) « W — W, generated by (£_,)*, that has the polynomials
{L,2}>, as eigenfunctions. This operator T is partly generated by the
square (4,)° of the second left-definite operator associated with the pair
(L?((0,00); w(?)), A). In view of Corollary 9.1, we can now say that T is
partially generated by the first left-definite operator (4%), associated with the
pair (L*((0, 00); w(1)), 4%).
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REMARK 13.4. The results of this paper have a significant impact on
some important unsolved problems in the classification of ordinary
differential equations having a sequence of orthogonal polynomial
solutions. Suppose {p,},—, is a sequence of polynomial solutions to the
differential equation

N

L[yl@) =) a0y () = A1)

=
and that {p,} -, is orthogonal with respect to some inner product (-, ) (see
[29] where, for each N eN and M €Ny, the BKS(N,M) classification
problems are discussed). Is there a self-adjoint operator 4, generated from
Ly[], in some Hilbert space (H,(-,-)) having these polynomials as
eigenfunctions? If so, is 4 bounded below in H? This last question, in all
likelihood, is tantamount to showing that Ly[-] is Lagrangian symmetriz-
able; i.e., N = 2m and Ly[] has the form

Lyl = w0 Y (= 1Y b0y (1),
j=1

where w(f) and each b;(¢r) are positive on some interval / of the real line.
Along this line, we note that a result of Krall [24] shows that if the
polynomials are orthogonal with respect to a bilinear form of the type

/ F0§0 dp,
R

where u is a (possibly signed) Borel measure, then N is indeed even.
Moreover, a result of Kwon and Yoon [28] shows, in this case, that Ly[-] is
symmetrizable. It is not clear from their result, however, when the
coefficients b; are positive. Of course, if we can determine when these
coefficients are positive, then the results of this paper would apply and we
would obtain a continuum of left-definite spaces {H,},., and left-definite
operators {4, },., in H, associated with (H, A). Moreover, from Theorem 3.7,
the polynomial solutions would be orthogonal with respect to each of the
left-definite inner products (-, -),.

REMARK 13.5. The left-definite theory presented in this paper has some
connections to the concepts of positive and negative spaces presented by
Berezanskii in his research monograph [5]. Indeed, in our notation,
Berezanskil begins with two Hilbert spaces H; = (1,(,-);) and
Hy = (V,(,-),), with V5 being a dense subspace of H; and (x,x), = (x,x);
for all x € V5. Using the Riesz representation theorem, Beresanskii constructs
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a bounded, invertible self-adjoint operator R;: Hy — H, such that
(R1x, ¥); = (x, y);. Using analysis similar to that in the Introduction of this
paper, Berezanskii finds an (unbounded) self-adjoint operator 4;: Z(4) <
H; — H; such that (41x, y); = (x, y), for all x € Z(4) and y € V5. From this,
Berezanskii constructs what we have called the right-definite space H and
right-definite operator 4. He goes on to show that H, and H, are the first
and second left-definite spaces associated with (H,A4), as given in our
Definition 2.1. It is not difficult to show that, in fact, the operator 4; is what
we have called the first left-definite operator associated with (H,A).
Consequently, Berezanskil’s work may be seen as a converse of the theory
presented in this paper. Berezanskii goes on to produce a doubly infinite
sequence of Hilbert spaces that, in general, are different than the sequence of
left-definite spaces presented in this paper.

REMARK 13.6. Given a seclf-adjoint differential operator A4: Z(4) <
H — H generated by a quasi-differential expression £[-], it follows from the
left-definite theory presented in this paper that if 4 is a positive operator,
then ¢[-] generates self-adjoint operators in wuncountably many different
Hilbert spaces. We remark that Moller and Zettl [31] show that if £[-] is a
regular quasi-differential expression with positive leading coefficient, then
the minimal operator generated by £[-] is bounded below; hence the theory
developed in this paper applies to their work.

REMARK 13.7. The underlying reason why we were able to explicitly
determine the left-definite Hilbert spaces and left-definite operators
associated with the Laguerre operator in Section 11 is, undoubtedly, due
to the extraordinary properties of the Laguerre polynomials {L%(x)},
(most importantly, the orthogonality of their derivatives as seen in (12.5) as
well as their completeness in the Hilbert space L2(0,00)). In general,
however, characterizing the left-definite spaces and left-definite operators
associated with a positive self-adjoint operator — and, in particular, those
that are generated from quasi-differential expressions £[-] — appears to be a
very formidable and difficult problem. A key paper in the determination of
integral powers of general quasi-differential expressions £[] is the contribu-
tion by Everitt and Zettl [15].
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