Singular minimization problems

Z.-Q. Wang^∗ M. Willem^† March 11, 1997

1 Introduction

This paper is concerned with the existence of ground state solutions of degenerate elliptic equations on R^N of the following form : −div (A(x)∇u) = f(x, u), x ∈ R^N . where A is a nonnegative function that may have zeroes at some points and may be unbounded. Equations of this type comes from the consideration of standing waves in anisotropic Schrödinger equations. Two model equations we consider here are the following −div (|x|^{−2a}∇u) = |x|^{−bp}|u|^{p−2}u, x ∈ R^N , and −div (|x|^{−2a}∇u) + λ|x|^{−2(1+a)}u = |x|^{−bp}|u|^{p−2}u, x ∈ R^N . We are seeking solutions in D^{1,2}_a (R^N ) which is defined as the completion of D(R^N ) with respect to the inner product (u, v) := ∫ R^N |x|^{−2a}∇u · ∇vdx. We shall consider the case N ≥ 3, 0 ≤ a ≤^{N−2}_2 , a ≤ b ≤ a + 1 and p = p(a, b) := 2N N − 2 + 2(b − a) . ∗The first author is partially supported by an NSF grant.

†The second author would like to thank the members of the Mathematics Department of Utah State University for their invitation and hospitality.

Moreover λ is a real parameter.

Using an inequality established by Caffarelli, Kohn and Nirenberg [4], these problems allow variational formulations for the above parameter range, and especially we can formulate the following minimization problems with constraints. Consider S(a, b) := inf_{u∈D1,2} a (R^N ) ||x|^{−b}u|p=1 ||x|^{−a}∇u|^2

and S(a, b, λ) := inf_{u∈D1,2} a (R^N ) ||x|^{−b}u|p=1 ||x|^{−a}∇u|^2 + λ||x|^{−(1+a)}u|^2.

Then the inequality by Caffarelli, Kohn and Nirenberg asserts that S(a, b) is positive under the above assumptions. This inequality has the Sobolev inequality and the Hardy inequality embedded as particular cases. We are interested in the compactness of minimizing sequences of these problems.

The existence of a minimizer was proved by Lieb ([8]) when a = 0, 0 < b < 1 and by Chou and Chu [5] when a ≤ b < a + 1. On the other hand, S(a, a + 1) is never achieved ([5]). The particular case S(0, 1) corresponds to the Hardy inequality : | | ||x|−1u | | | 2 2 ≤ S(0, 1)^{−1}|∇u|^2. In section 2, we solve completely the problem of compactness of minimizing sequences for S(a, b). We prove that minimizing sequences are relatively compact up to a dilation when a ≤ b < a + 1, a + b > 0. The case a = b depends on a delicate estimate, since p is then equal to the critical exponent 2^∗ = 2N/(N − 2) and there is a double dilation invariance in this case. The case a = 0, 0 < b < 1 was solved by P.-L. Lions ([10], theorem 2.4). However our method is different, since we give a quantitative evaluation of the non-compactness of minimizing sequences. Moreover our approach depends only on the weak compactness of bounded sets of bounded measures (see e.g. [13]), so that it is applicable to many other problems (see e.g. [11], [12]).

In section 3, we prove that minimizing sequences for S(a, b, λ) are relatively compact up to a dilation when a ≤ b < a+1 and −S(a, a+1) < λ < 0. The case a = b = 0 and −S(0, 1) < λ < 0 was solved by P.-L. Lions([9], theorem 1.3). We consider also the case λ > 0. Unlike problem S(a, b), for

S(a, b, λ) with λ ≠ 0 it is not clear whether there are explicit solutions of

the problems. Our method gives a uniform approach to both problems.

Finally, we remark that a better understanding of the ground state solu-

tions in the whole space would be useful for the existence of positive solutions

of the corresponding equations in bounded domains and unbounded domains

other than the whole space. Our methods should work equally well for these

problems and some future work is planned in this direction.

2 Minimizing sequences for S(a, b)

In order to prove that S(a, b) is achieved, we can consider an arbitrary

minimizing sequence (u_n) ⊂ D^{1,2}_a (R^N ) : | ||x|−bu n | | p = 1, | ||x|−a∇un | |2 2 → S(a, b), n → ∞. (1) Going if necessary to a subsequence, we may assume u_n ⇀ u in D^{1,2}_a (R^N ),

so that | ||x|−a∇u | |2 2 ≤ lim | ||x|−a∇un | |2 2 = S(a, b). Hence u is a minimizer provided | | ||x|−bu | | | p = 1. But we know only that | | ||x|−bu | | | p ≤ 1. Indeed for any v ∈ D^{1,2}_a (R^N ) and t > 0 the rescaled function v^t(x) := t^{N−2a−22} v(tx) satisfies | | ||x|−a∇vt | | | 2 = | ||x|−a∇v | | 2 , | | ||x|−bvt | | | p = | | ||x|−bv | | | p . Thus the problem is invariant by dilation. In order to prove that (u_n) is

relatively compact up to a dilation, we need some preliminary results.

Let u(x) := (1 + |x|^2)^{− N−2}2 . It is well know (see e.g. [12]) that ∫ R^N |∇u| 2 ( ∫ R^N |u| 2^∗ )2/2^∗ = S the best Sobolev constant.

Lemma 1. For 0 ≤ a <^{N−2}_2 define

g(a) := ∫ R^N |x| −2a|∇u|^2 ( ∫ R^N |x| −2^∗au2^∗ )2/2^∗ .

Then g^′(a) < 0 for a ∈ [0,^{N−2}_2 [.

First, using the following formulas for the Gamma function Γ (see e.g. [2]) : ∫ ∞ 0 (1 + γ)^{−(y+z)}γ^{y−1} dγ = Γ(y)Γ(z)/Γ(y + z),

Γ(z + 1) = zΓ(z),

we have with a straightforward computation

g(a) =^{(N−2)2w} ∫_∞ 0 (1+γ^2)^N γ^{−2a+2+N−1} dγ (w ∫_∞ 0 (1+γ^2)^N γ^{−2∗a+N−1} dγ)^{2/2∗}

=^{(N−2)2( w2 )2/N}

(Γ(N))^{2/N}

Γ(^{−2a+N+2}_2 )Γ(^{2a+N−2}_2 ) [Γ(^{−2∗a+N}_2 )Γ(^{2∗a+N}_2 )]^{2/2∗}

= (N − 2)^2 ( w 2 ) 2_N (Γ(N))^{− 2}N^{N−2a}_{N−2+2a}^{Γ( N2 −a)Γ( N2 +a)} [Γ(^N_2 −^{aN}_{N−2} )Γ(^N_2 +^{aN}_{N−2} )]^{N−2N}

where w is the volume of S^{N−1}.

Next, letting g_1(a) :=^{N−2a}_{N−2+2a} ,

g_+(a) := Γ ( N 2 + a ) [ Γ( N 2 + aN N − 2 ) ]− N−2_N

g_−(a) := Γ ( N 2 − a ) [ Γ( N 2 − aN N − 2 ) ]− N−2_N

we claim

(i) g^′_1(a) < 0, a ∈ [0,^{N−2}_2 [ ;

(ii) g^′_±(0) = 0, g^′_±(a) < 0, for a ∈]0,^{N−2}_2 [. Then our lemma follows from these claims.

Claim (i) is obvious. To prove claim (ii) we use the following formula for the Gamma function : Γ^′(z) Γ(z) = −γ − 1 z + ∞∑ k=1 ( 1 k − 1 z + k )

for z ≠ 0, −1, −2, . . .. Here γ = −Γ^′(1) > 0 is a constant. This formula implies that^{Γ′(z)}_{Γ(z)} is a strictly increasing function of z in ]0, ∞[. Now it is easy to verify the following g^′_+(a) = Γ ( N 2 +^{aN}_{N−2} )−^{(N−2)}_N Γ ( N 2 + a

) { Γ_′(_{N2} +a)

Γ(^N_2 +a) −

Γ^′(^N_2 +^{aN}_{N−2} ) Γ(^N_2 +^{aN}_{N−2} ) }

g^′_−(a) = −Γ ( N 2 −^{aN}_{N−2} )−^{(N−2)}_N Γ ( N 2 − a ) { Γ_′(_{N2} −a)

Γ(^N_2 −a) −

Γ^′(^N_2 −^{aN}_{N−2} ) Γ(^N_2 −^{aN}_{N−2} ) } . Hence g^′_±(0) = 0 and g^′_±(a) < 0 for a ∈]0,^{N−2}_2 [.

Lemma 2. Let N ≥ 3 and 0 ≤ a < (N − 2)/2. If u_n ⇀ u in D^{1,2}_a (R^N ) then |x|^{−a}u_n → |x|^{−a}u in L^2_{loc}(R^N ).

By definition, we have ∫ B(0,R) |x|^{−2a}|u|^2 dx ≤ R^2 ∫ B(0,R) |x|^{−2(a+1)}|u|^2 dx ≤ R^2S(a, a + 1) ∫ R^N |x|^{−2a}|∇u|^2 dx. We can assume that u_n ⇀ 0 in D^{1,2}_a (R^N ). By the preceding inequality for every ε > 0 there exists R > 0 such that, for all n ≥ 0, ∫ B(0,R) |x|^{−2a}|u_n|^2 dx ≤ ε. The Rellich theorem implies that |x|^{−a}u_n → 0 in L^2_{loc}(R^N \B(0, R)). It is thus easy to conclude.

We denote by M(R^N ) the space of bounded measures on R^N . Lemma 3. Let N ≥ 3, 0 ≤ a < (N − 2)/2, a ≤ b ≤ 1 + a and p = p(a, b). Let (u_n) ⊂ D^{1,2}_a (R^N ) be a sequence such that

u_n ⇀ u in D^{1,2}_a (R^N ), ||x|^{−a}∇(u_n − u)|^2 ⇀ μ in M(R^N ), | | ||x|−b(un − u) | | | p ⇀ ν in M(R^N ), u_n → u a.e. on R^N

and define μ_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|≥R |x|^{−2a}|∇u_n|^2 dx, (2) ν_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|≥R |x|^{−pb}|u_n|^p dx. (3) Then it follows that ‖ν‖^{2/p} ≤ S(a, b)^{−1}‖μ‖, (4) ν^{2/p}_∞ ≤ S(a, b)^{−1}μ_∞, (5) lim_{n→∞} | ||x|−a∇un | |2 2 = | ||x|−a∇u | |2 2 + ‖μ‖ + μ_∞, (6) lim_{n→∞} | ||x|−bun | | p p = | ||x|−bu | | p p + ‖ν‖ + ν_∞. (7)

Moreover, if b < 1 + a and u = 0 and ‖ν‖^{2/p} = S(a, b)^{−1}‖μ‖, then ν and μ are concentrated at a single point.

1) Assume first u = 0. Choosing h ∈ D(R^N ), we have, by definition, (∫ |x|^{−pb}|hu_n|^p dx )2/p ≤ S(a, b)^{−1} ∫ |x|^{−2a}|∇(hu_n)|^2 dx. The preceding lemma implies that (∫ |h|^p dν )2/p ≤ S(a, b)^{−1} ∫ |h|^2 dμ. (8) Inequality (4) follows.

2) For R > 1, let ψ_R ∈ C^∞(R^N ) be such that ψ_R(x) = 1 for |x| > R + 1, ψ_R(x) = 0 for |x| < R and 0 ≤ ψ_R ≤ 1 on R^N . We have also by definition ( ∫ |x|^{−pb}|ψ_Ru_n|^p dx)^{2/p} ≤ S(a, b)^{−1} ∫ |x|^{−2a}|∇(ψ_Ru_n)|^2 dx. The preceding lemma implies that

lim_{n→∞}( ∫ |x|^{−pb}|ψ_Ru_n|^p dx)^{2/p} ≤ S(a, b)^{−1} lim_{n→∞} ∫ |x|^{−2a}|ψ_R∇u_n|^2 dx. (9)

On the other hand, we have ∫ |x|>R+1 |x|^{−2a}|∇u_n|^2 dx ≤ ∫ |x|^{−2a}ψ^2_R|∇u_n|^2 dx ≤ ∫ |x|>R |x|^{−2a}|∇u_n|^2 dx and ∫ |x|>R+1 |x|^{−pb}|u_n|^p dx ≤ ∫ |x|^{−pb}ψ^p_R|u_n|^p dx ≤ ∫ |x|>R |x|^{−pb}|u_n|^p dx. We obtain from (2) and (3)

μ_∞ = lim_{R→∞} lim_{n→∞} ∫ |x|^{−2a}|∇u_n|^2ψ^2_R dx, ν_∞ = lim_{R→∞} lim_{n→∞} ∫ |x|^{−pb}|u_n|^pψ^p_R dx, Inequality (5) follows then from (9).

3) Assume moreover that ‖ν‖^{2/p} = S(a, b)^{−1}‖μ‖. The Hölder inequality and (8) imply that, for h ∈ D(R^N ), (∫ |h|^p dν )2/p ≤ S(a, b)^{−1}‖μ‖^{p−2p} (∫ |h|^p dμ )2/p . We deduce ν = S(a, b)^{−p/2}‖μ‖^{p−2}2 μ. It follows that, for h ∈ D(R^N ), (∫ |h|^p dν )2/p ‖ν‖^{p−22} ≤ ∫ |h|^2 dν and so, for each open set Ω,

(ν(Ω))^{2/p} ν(R^N )^{p−2p} ≤ ν(Ω).

Hence ν is concentrated at a single point.

4) Considering now the general case, we write v_n := u_n − u. Since

v_n ⇀ 0 in D^{1,2}_a (R^N ),

we have |x|^{−2a}|∇u_n|^2 ⇀ μ + |x|^{−2a}|∇u|^2 in M(R^N ),

According to the Brezis-Lieb lemma (see e.g. [13, Theorem 10.37] or [14, Lemma 1.32]),we have, for every nonnegative h ∈ D(R^N ), ∫ h|x|^{−pb}|u|^p dx = lim_{n→∞} (∫ h|x|^{−pb}|u_n|^p dx − ∫ h|x|^{−pb}|v_n|^p dx ) . Hence we obtain |x|^{−pb}|u_n|^p ⇀ ν + |x|^{−pb}|u|^p in M(R^N ). Inequality (4) follows from the corresponding inequality for (v_n).

5) Since lim_{n→∞} ∫ |x|>R |x|^{−2a}|∇v_n|^2 dx = lim_{n→∞} ∫ |x|>R |x|^{−2a}|∇u_n|^2 dx − ∫ |x|>R |x|^{−2a}|∇u| dx, we obtain lim_{R→∞} lim_{n→∞} ∫ |x|>R |x|^{−2a}|∇v_n|^2 dx = μ_∞. By the Brezis-Lieb lemma, we have ∫ |x|>R |x|^{−pb}|u|^p dx = lim_{n→∞} (∫ |x|>R |x|^{−pb}|u_n|^p dx − ∫ |x|>R |x|^{−pb}|v_n|^p dx )

and so lim_{R→∞} lim_{n→∞} ∫ |x|>R |x|^{−pb}|v_n|^p dx = ν_∞. Inequality (5) follows then from the corresponding inequality for (v_n).

6) For every R > 1, we have lim_{n→∞} ∫ |x|^{−2a}|∇u_n|^2 dx = lim_{n→∞} ∫ ψ_R|x|^{−2a}|∇u_n|^2 dx + ∫ (1 − ψ_R)|x|^{−2a}|∇u_n|^2 dx = lim_{n→∞} ∫ ψ_R|x|^{−2a}|∇u_n|^2 dx + ∫ (1 − ψ_R) dμ + ∫ (1 − ψ_R)|x|^{−2a}|∇u|^2 dx.

When R → ∞ we obtain, by Lebesgue Theorem, lim_{n→∞} ∫ |x|^{−2a}|∇u_n|^2 dx = μ_∞ + ∫ dμ + ∫ |x|^{−2a}|∇u|^2 dx = μ_∞ + ‖μ‖ + | ||x|−a∇u | |2 2 . The proof of (7) is similar.

Remark.

When a = b = 0, inequality (4) is due to Lions [9], inequality (5) to Bianchi, Chabrowski and Szulkin [3] and equalities (6) and (7) to Ben- Naoum, Troestler and Willem ([1] and [12]).

Theorem 4. Let N ≥ 3, 0 ≤ a < (N − 2)/2, a + b > 0, a ≤ b < 1 + a and p = p(a, b). Let (u_n) ⊂ D^{1,2}_a (R^N ) be a minimizing sequence for S(a, b) satisfying (1). Then there exists a sequence (t_n) ⊂ ]0, ∞[ such that ( u^{tn}_n ) contains a convergent subsequence. In particular there exists a minimizer for S(a, b). For every n, there exists t_n such that ∫ B(0,tn) |x|^{−pb}|u_n|^p dx = 1/2. Let us define v_n := u^{tn}_n . Hence | ||x|−bvn | | p = 1, ||x|^{−a}∇v_n|^2 → S(a, b) and ∫ B(0,1) |x|^{−pb}|v_n|^p dx = 1 2 . (10)

Since (v_n) is bounded in D^{1,2}_a (R^N ), we may assume, going if necessary to a subsequence v_n ⇀ v in D^{1,2}_a (R^N ), ||x|^{−a}∇(v_n − v)|^2 ⇀ μ in M(R^N ), | ||x|−b(v n − v) | |p ⇀ ν in M(RN ), v_n → v a.e. on R^N .

By the preceding lemma S(a, b) = | ||x|−a∇v | |2 2 + ‖μ‖ + μ_∞ (11) 1 = | | ||x|−bv | | | p p + ‖ν‖ + ν_∞. (12)

We deduce from (4),(5),(11) and the definition of S(a, b) S(a, b) ≥ S(a, b) { ( | | ||x|−bv | | | p )^{2/p} + ‖ν‖^{2/p} + ν^{2/p}_∞ } . It follows from (12) that | | ||x|−bv | | | p p , ‖ν‖ and ν_∞ are equal to 0 or to 1. By

(10), ν_∞ ≤ 1/2, so that ν_∞ = 0.

Assume by contradiction that v = 0. It follows from (4) and (11), that 1 = ‖ν‖^{2/p} = S(a, b)^{−1}‖μ‖. By the preceding lemma, ν end μ are concentrated at a single point x_0. By (10), x_0 is different from 0. If a < b, the Rellich theorem implies that

0 = lim_{n→∞} ∫ B(x_0,r) |x|^{−pb}|v_n|^p dx = ‖ν‖ = 1 where 0 < r < |x_0|. This is impossible. If a = b > 0, we obtain

A := lim_{n→∞} ∫ B(x_0,r) |x| −2a|∇v_n|^2 dx (∫ B(x_0,r) |x| −2^∗a|vn|2^∗ dx )2/2∗ = ‖μ‖ = S(a, a).

Let η ∈ D(B(x_0, r)) be such that η = 1 on B(x_0, r/2). Since A = lim_{n→∞} ∫ B(x_0,r) |∇(ηvn)| 2 dx (∫ B(x_0,r) |ηvn| 2^∗ dx )2/2∗ ≥ S,

it follows that S ≤ S(a, a). But, by lemma 1, S(a, a) ≤ g(a) < g(0) = S.

Hence we have proved that | ||x|−bv | | p = 1 and so | ||x|−a∇v | |2 2 = S(a, b) = lim | ||x|−a∇vn | |2 2 .

3 Minimizing sequences for S(a, b, λ)

We consider now a minimizing sequence (u_n) ⊂ D^{1,2}_a (R^N ) for S(a, b, λ): | | ||x|−bun | | | = 1, | ||x|−a∇un | |2 2 + λ | | ||x|−(1+a)un | | | 2 2 → S(a, b, λ), (13) n → ∞. The problem is also invariant by dilation.

Lemma 5. Let −S(a, a + 1) < λ and let (u_n) be as in lemma 3 and such that |x|^{−2a}|∇(u_n − u)|^2 + λ|x|^{−2(1+a)}(u_n − u)^2 ⇀ γ in M(R^N ). Define

γ_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|≥R |x|^{−2a}|∇u_n|^2 + λ|x|^{−2(1+a)}u^2_n dx. Then it follows that ‖ν‖^{2/p} ≤ S(a, b, λ)^{−1}‖γ‖, (14) ν^{2/p}_∞ ≤ S(a, b, λ)^{−1}γ_∞ (15) lim_{n→∞} ||x|^{−a}∇u_n|^2 + λ | ||x|−(a+1)un | | 2 2 = ||x|^{−a}∇u|^2 + λ | ||x|−a+1u | |2 2 + ‖γ‖ + γ_∞. (16)

Moreover if b < 1 + a and ‖ν‖^{2/p} = S(a, b, λ)^{−1}‖γ‖, then ν and γ are concentrated at a single point.

The proof is similar to the proof of lemma 3.

Theorem 6. Let N ≥ 3, 0 ≤ a < (N − 2)/2, a ≤ b < 1 + a, p = p(a, b) and −S(a, a + 1) < λ < 0. Let (u_n) ⊂ D^{1,2}_a (R^N ) be a minimizing sequence for S(a, b, λ) satisfying (13). Then there exists a sequence (t_n) ⊂ ]0, ∞[ such that ( u^{tn}_n ) contains a convergent subsequence. In particular, there exists a minimizer for S(a, b, λ).

As in the proof of theorem 4, there exists a sequence (t_n) ⊂ ]0, ∞[ such that v_n := u^{tn}_n satisfies | | ||x|−bvn | | | p = 1, | ||x|−a∇vn | |2 2 + λ | | ||x|−(a+1)vn | | | 2 2 → S(a, b, λ) ∫ B(0,1) |x|^{−pb}|v_n|^p dx = 1/2. (17)

We may also assume that

v_n ⇀ v in D^{1,2}_a (R^N ), ||x|^{−a}∇(u_n − u)|^2 + λ | | ||x|−(a+1)(vn − v) | | | 2 ⇀ γ in M(R^N ), | | ||x|−b(vn − v) | | | p ⇀ ν in M(R^N ), v_n → v a.e. on R^N .

By the preceding lemma and lemma 3, S(a, b, λ) = | ||x|−a∇v | |2 2 + λ | | ||x|−(a+1)v | | | 2 2 + ‖γ‖ + γ_∞, (18) 1 = | ||x|−bv | | p p + ‖ν‖ + ν_∞. (19)

It follows from (14), (15), (18), (19) that | ||x|−bv | | p p , ‖ν‖ and ν_∞ are equal to 0 or to 1. By (17),ν_∞ = 0.

Assume by contradiction that v = 0. It follows from (14) and (18) that 1 = ‖ν‖^{2/p} = S(a, b, λ)^{−1}‖γ‖. By the preceding lemma, ν and γ are concentrated at a single point x_0. By (17), x_0 is different from 0. If a < b, the Rellich Theorem implies that ν = 0. This is a contradiction, since ‖ν‖ = 1. If a = b, we obtain, as in theorem 4, S ≤ ‖γ‖ = S(a, a, λ). This is also a contradiction, since, by lemma 1, and theorem 4, S(a, a, λ) < S(a, a) ≤ S. Thus | | ||x|−bv | | | p = 1, v is a minimizer for S(a, a, λ) and v_n → v in D^{1,2}_a (R^N ).

Remark.

When R^N is replaced by a bounded domain Ω the situation is different (see [6], [7]). In particular, if Ω is starshaped with respect to 0, a = b = 0 and λ < 0, the corresponding infimum is never achieved [7, remark 3.8].

Theorem 7. Let N ≥ 3, 0 ≤ a < (N − 2)/2, p = p(a, b). Let (u_n) be a minimizing sequence for S(a, b, λ) satisfying (13). Assume a < b < a + 1 and 0 < λ or 0 < a = b and 0 < λ << 1.

Then there exists a sequence (t_n) ⊂ ]0, ∞[ such that (u^{tn}_n ) contains a convergent subsequence. In particular, there exists a minimizer for S(a, b, λ).

The proof is similar to the proof of theorem 6.

Remark. For λ > 0, S(0, 0, λ) is equal to S and is never achieved. Remark. For both problems S(a, b) and S(a, b, λ) the ground state solutions are positive everywhere and smooth everywhere but the origin. This follows from the elliptic regularity theory in a standard way. Acknoledgement. The authors thank the referee for some helpful suggestions in improving the paper.

References

[1] Ben Naoum A.R., Troestler C. and Willem M., Extrema problems with critical Sobolev exponents on unbounded domains, Nonlinear Analysis, TMA, 26 (1996) 823–833.

[2] Beyer W.H. (ed.) “CRC Standard Mathematical Tables”, CRC Press, Boca Raton.

[3] Bianchi G., Chabrowski J. and Szulkin A., On symmetric solutions of an elliptic equation with a nonlinearity involving critical Sobolev exponent, Nonlinear Analysis, TMA, 25 (1995) 41–59.

[4] Caffarelli L., Kohn R. and Nirenberg L., First order interpolation inequalities with weights, Composition Math. 53 (1984) 259–275.

[5] Chou K.S. and Chu W.S., On the best constant for a weighted Sobolev- Hardy inequality, J. London Math. Soc. 48 (1993) 137–151.

[6] Chou K.S. and Geng D., On the critical dimension of a semilinear degenerate elliptic equation involving critical Sobolev-Hardy exponent, Nonlinear Analysis, TMA, 26 (1996) 1965–1984.

[7] Garcia J.P. and Peral I.A., Hardy inequalities and some critical elliptic and parabolic problems, J. Diff. Equ., 144 (1998) 441–476.

[8] Lieb E.H., Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Annals of Math., 118 (1983) 349–374.

[9] Lions P.L., The concentration - compactness principle in the calculus of variations, the limit case I, Rev. Mat. Ibero Americana, 1 (1985) 145–201.

[10] Lions P.L., The concentration - compactness principle in the calculus of variations, the limit case II, Rev. Mat. Ibero Americana, 2 (1985) 45–121.

[11] Ramos M., Wang Z.-Q. and Willem M., Positive solutions for elliptic equations with critical growth in unbounded domains, to appear in the Proceedings of the International Conference on the Calculus of Variations and Related Topics, Haifa, 1998.

[12] Smets D., A concentration compactness lemma with applications to singular eigenvalue problems, preprint, 1998.

[13] Willem M., “Analyse Harmonique Relle”, Hermann, Paris, 1995.

[14] Willem M., “Minimax Theorems”, Birkhauser, Boston, 1996.