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ABSTRACT. For a class of quasilinear Schrodinger equations we establish the
existence of ground states of soliton type solutions by a minimization argu-
ment.

1. INTRODUCTION

This paper is concerned with the existence of standing wave solutions for quasi-
linear Schrodinger equations of the form

(1) 10z = —Az + W(x)z — f(|2]?)z — kAR(|2*)R (|2]*)2

where W (z), x € R", is a given potential,  is a real constant and f,h are real
functions of essentially pure power forms. The semilinear case corresponding to
# = 0 has been studied extensively in recent years (e.g., [3], [9], [24]). Quasilinear
equations of form ([Il) appear more naturally in mathematical physics and have been
derived as models of several physical phenomena corresponding to various types of
h, the superfluid film equation in plasma physics by Kurihara in [13] (cf. [14])
for h(s) = s. In the case h(s) = (1 + s)'/2, ({@) models the self-channeling of a
high-power ultra short laser in matter; see [4], [6], [8], [23] and the references in
[5]. Equation ({)) also appears in plasma physics and fluid mechanics [13], [14], [17],
[19], [21], in the theory of Heisenberg ferromagnets and magnons [2], [12], [15], [22],
[25], in dissipative quantum mechanics [10] and in condensed matter theory [I8].
In the mathematical literature very few results are known about equations of the
form ().

We consider the existence of standing wave solutions for quasilinear Schrodinger
equations of form (Il) with h and f as pure power functions of the dependent variable
(though our method would apply to a more general type of nonlinearity). We con-
sider the case h(s) = s*, f(s) = As"= and k > 0. Putting z(t) = exp(—iFt)u(x)
we obtain a corresponding equation of elliptic type which has a formal variational
structure:

(2) = Au+V(z)u — ar(A(Ju**)|u** 2w = Nu[P "'y, u>0, in RY,
where V(x) = W(z) — F is the new potential function. By a simple scaling, without

loss of generality, we may assume ax = 1 (corresponding to a new \) throughout the
paper. In the following we always assume V € C(RY,R) and infg~ V(z) > 0. We
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also assume N > 2 since results for N = 1 have been given in [20]. Let 2* = 28
for N > 3 and 2* = co for N = 2. We consider several types of potentials.

(V2) V is radially symmetric, i.e., V(x) = V(|z|).

(V3) V is periodic in each variable of z1,--- ,xn.

(V4) Voo = hm|x|_,oo V(i[:) = ||V||L00(RN) < 0.

Theorem 1.1 (The compact case). Let o > 3 and 2 < p+1 < 2a2*. Assume (V1)
or (V2). Then there exist A\, — oo such that @) has a solution. If in addition
da < p—+1, there also exist A, — 0 such that @) has a solution.

Theorem 1.2 (The locally compact case). Let o > % and da < p+1 < 2a2*.

Assume (V3) or (V4). Then [@) has a solution for a sequence of A, — oo and a
sequence of A, — 0.

Remark 1.3. The second author has given results on (@) in [20]. We emphasize here
that for a > %, 2a2* > 2* and the condition 4o < p+ 1 < 2a2* can be satisfied
for all dimensions N. The result in Theorem 1.1 was proved in [20] for the case:
N =1 a=1,2< p+1; and the result in Theorem 1.2 was proved in [20] under
the assumptions: N=1,a=1,4<p+ 1.

Remark 1.4. Tt would be interesting to know whether solutions exist for all A > 0
in ([@). We shall discuss this in a forthcoming paper.

Theorems 1.1 and 1.2 will be proved in Sections 2 and 3, respectively.

2. GROUND STATE SOLUTIONS — THE COMPACT CASE

We consider a family of minimization problems, for a > 0
(3) ma = inf B(u)
where

My ={u € X |||ullp+1 = a},

E(u):/ (|Vu|2+Vu2)dx+2a/ lu?Ze=V |y |?dx
RN RN
and in case (V1)

X ={uec H2RY)| V(x)uldr < oo}
RN

with norm given by [Ju||* = [gx~ (|Vul? + Vu?)dz, and in case (V2)
X = HP?RY) = {u € H*(RY) | u is radial}.

In both cases, X is a subspace of H“?(RY). We also need another Sobolev
space DV2(RY) for N > 3 which is the completion of C§°(R") under the norm
[ul|> = g~ [Vul?dz. By the Sobolev inequality, D*?(R") is continuously em-
bedded into L?" (R"). Solutions of (2) will be shown to exist as minimizers of the
above minimization problems which are called ground state solutions of (Z). Under
(V1) or (V2) we have that the embedding from X into LPT1(RY) is compact (e.g.,
[, [, [z, [260).
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Lemma 2.1. For all a > 0, m, is achieved at some u, € M, which is a weak
Mg Qama,)

solution of equation (@) with X = g satisfying Aa € (51, 5t

Proof. We fix a > 0. Let (u,) € M, be a minimizing sequence for m,. Then
by the compact embedding result from X into LI(RY) for 2 < ¢ < 2*, we first
have u, — wu in X (weak convergence) and u, — u in LI(RY) for 2 < ¢ < 2*.
Since V(u2?) is uniformly bounded in L?(R”), by the Sobolev inequality we have
[[u2%||2+ < C, which gives ||un||2a2+ < C. By Hélder inequality we have u,, — u in
LYRN) for 2 < ¢ < 2a2*. Then we claim

@ dm [ (Ve ViRt 2a | a0 Vu e > B,
n—oo JRN RN
To see this let us observe that the first integral is the norm of wu, in X which
makes it weakly lower semi-continuous in X. The second integral in E(u,) can
be regarded as the DV2(RY) norm of v, = (u,)** when N > 3. Since v, is
bounded in D*2(RY) there is v € D¥2(RY) such that v, — v in DV2(RY) (weak
convergence). Also we may assert that u, — u a.e. in R and v, — v a.e. in
RY. From this we have v = u?®. Therefore the second integral is bounded from
below by [p~ |u|?=1)|Vu|?dz. Thus we have proved the claim when N > 3. For
N = 2, we use the continuous embedding X into LI(RY) for any 2 < ¢ < oo
(instead of using D2(RY)) and a similar argument works. Hence we obtain that
myg is achieved at some u € M,. Since we may assume u, > 0 we have u > 0. By
the Lagrange multiplier theorem ([7]) we conclude that u is a weak solution of (2)

(5) —Au+V(z)u — (A(|u|2a))|u|2a*2u = )\a|u|p*1u, in RV,

where A, is the Lagrange multiplier. Multiplying the equation by w and integrating
over RV we get

Mg 20y,
(6) Ao € (g o )

In order to show there exist A, — oo and A, — 0 such that (2) has a solution,
we need the following lemma which does not depend on (V1) and (V2) and will
also be used again later.

Lemma 2.2. Assume my is achieved for all a > 0. Let u, be a minimizer and A,
the corresponding Lagrange multiplier. Then Ay — 00 as a — 0 when 2 < p+1,
and Ay — 0 as a — oo when 4a < p+ 1.

Proof. To show A\, — o0 as a — 0 we assume to the contrary that there exist
a, — 0 such that A\, = \,, < C;. By @) we have u,, uniformly bounded in X and
vp = u2® uniformly bounded in DY2(R¥), so by embedding theorems we have u,
bounded in L4(R™) for any 2 < ¢ < 2a2*. Especially, u, is bounded in LPT*(RY)

and we have with s satisfying zﬁ =35+ 210725
+1
||Un||g+1
s(p+1 1—s)(p+1
< o157 lfun 507+

1 2 +1
< O(Junll5 + [Ju2e|[52® D)

an2a(p+1
< O(Junll5 + |V (u29)|[5® D).
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Here C is a constant independent of n. On the other hand, using ||uy||p+1 = an — 0
and the equation, we have

2 2 2|2 _ p+1 p+1
n - n n — .
lunl[% + (20) / V2 2 = A / [P+ dz < Cra?*! — 0
RN RN
Then using a(p + 1) > ZE and the above two inequalities we have
lunlli + (200 [ (Ve e
RN
(8) = )\n/ |, [P o
RN
< Cllunlli + [ IVudefan)s
RN

where C is independent of n. This implies |[u,||% + [g [Vur®[Pda > Cs for some

Cy > 0, for p+ 1> 2. This is a contradiction with ||un||% + [g~ [Vu2®|[*dz — 0.
Next, we show that if p+ 1 > 4a, Ay — 0 as a — co. To see this, let us observe

that if uw € My,au € M,. Then by a simple scaling argument, for a > 1 we have

me < a**my
and for a <1
me > a*®my.

Then using (@), for 4o < p + 1 we have as a — oo

Ny < 200 do=(p+D)

) < 2amia — 0.
a

The case of p+1 = 4« is treated next. For any € > 0, we first choose u. € C§°(RY)
such that 2a [y [ue|*®* D |Vue?dz < € [ [ue[PT dz. This can be obtained by
choosing u.(z) = ug(ex) for some uy € C°(RY) with € small. We may assume
[|tel|lp+1 =1 (since p + 1 = 4a) so that au. € M,. Then since p + 1 = 4a > 2, for
a large we have

9)

me < E(au)

< a2/ (|Vuel? + Vu?)dr + 2aa4“/ |u€|2(2°‘_1) |Vue|?dr — ea® 4 ea™
RN RN

< ea’®.

7= = 0. Then using (@) we get A\, — 0 as a — oo.

This shows limg,_, s
Proof of Theorem 1.1. Theorem 1.1 follows from the last two lemmas.

Remark 2.3. (V1) can be replaced by any condition that guarantees the compact
embedding from X into LP*1(RY); see for example [T], [TT].

3. GROUND STATE SOLUTIONS — THE LOCALLY COMPACT CASE

In this section, we consider the cases where the potential V' satisfies (V3) or
(V4). The space X is taken as HY2(RY). M, and m, can be defined as in the
last section. Due to Lemma[ZZ] we only need to prove that m, is achieved at some
ug € M,. Since the proof is the same we just treat the case a = 1 and we write
m1 =m and M; = M for simplicity.
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Lemma 3.1. Let (u,) C M be a minimizing sequence for m. Then there is 3 €
(0,1] and x,, € RN such that for any e > 0 there exists R > 0, for any R' > R

(10) lim |wn|PTde > 3 — €
n—00 J BRr(xn)

and

(11) lim lun [PHde > (1 - 8) —e.

n—00 JRN\ B (zn)

Proof. For a minimizing sequence u,, we have that [p v [un[*?*~|Vu,[? is bounded
which implies that [y |[Vu2®|? is bounded. Thus u2® is uniformly bounded in
DV2(RN), and we have that u,, is uniformly bounded in L2*?" (R™) by the Sobolev
embedding. Also because u,, is bounded in L2(R”Y) we get that wu,, is bounded in
LY(RN) for all ¢ € [2,202*] by the Holder inequality. Especially, v, = u2® is
bounded in L*(RY). This implies that u2® is bounded in H'(RY). Note that
||vn||p2_+1 = 1. By P.L. Lions’ Lemma ([16]), there is 8 € (0,1] and z,, € R¥ such
that for any € > 0 there exists R > 0 such that for any R’ > R, as n — oo,

/ |un|p+1dm=/ |vn|p2lalda:26—e
Br(zn) Br(zn)

and

/ P+ da :/ o 55 > (1— B) — e
RN\Bpg/ (zn) RN\Bpg/(zn)

O

Proof of Theorem 1.2. We first consider the case (V3). Let w, be a minimizing
sequence. From Lemma Bl we get 8 € (0,1], and a sequence z,, such that (I0)
and () hold. We may assume the components of x,, are integer multiples of the
periods of V(z). Thus u, (- + @) is still a minimizing sequence. If 5 =1 we get a
strong convergence of u,, (- +z,) — u in LPT1(RY), and a similar argument to that
in the proof of Theorem 1.1 finishes the proof. If 5 < 1 we derive a contradiction as
follows. For € > 0 and R > 0 given in Lemma [BI] let ngr(¢) be a smooth function
defined on [0, 00) satisfying ng(t) = 1 for ¢ < R and ng(t) = 0 for ¢ > 2R and
NR(t) < 2. Let n%(t) =1 — nr(t). Define

v (2) = nr(|7 — 2n|)un(z) and  wu(z) = Nz — zn|)un(z).

Then it is easy to see for n large

|/|vn|p+1dx —pBl<e
and

|/|wn|p+1dx —a-g)<e
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Also a direct computation shows that

X
(

/ Vo, |? + Vo2 )dx + Za/ | |22 V|V, | 2da
RN RN

(12)
|V, |? + Vul)dz + 2a /RN [un >~ |V, [2dx
>
C

—I—/ (|an|2+Vwi)dx+2a/ lwn |?? V| Vw,|?dz — =,
RN RN R

where C > 0 is independent of n, €, R. Assume u,, (- + x,,) converges weakly to u in
X and let ur = u|g,(0). Then ugr # 0 for R large because > 0. Then by the fact
p+1>4a > 2, we have

(13)
m+ o(1)
= E(un)

> [|vn| ;ilE(Un/||Un||p+l) + [|wn | ;ilE(wn/||wn||p+l)

+ (Ilvnllpa = ||vn||§il)AN(|anl2+Vvi)

o C
+ (Ilwnlpa = ||wn||§+1)/ (IVwn|* + Vwy) — =
RN

= Q

> m(|Jonllp%1 + llwallp3h) + (lurllpe = lluelly) /RN(IWRI2 +Vug) -

> ml(f— )71 + (1 - — )7

o C
+ (s = lenllis) [ (Vunf + Vi) - 7.

Letting n — oo and then ¢ — 0 (which implies R — o), we get a contradiction for
p+ 1> 4a. This shows that § = 1. This completes the proof for the case of (V3).

For the case of (V4) we again consider a minimizing sequence u,, C M. Applying
Lemma BT we get 3 > 0 and x,, € RY such that for any € > 0 there is R > 0
such that (I0) and (T hold. We show here that 3 = 1 and z,, is bounded in R",
which together imply that u,, converge strongly in LP*1(RY). We show 3 = 1 first.
Assume for contradiction § < 1. Similar to the proofs above, we define v,, and w,,
with € and R > 0. Let

Moo = inf (/ (|Vul? + Voeu?)dx + 2a/ [u2Ze= V|V 2dx),
ueEM " JgpnN RN

i.e., the infimum of E(u) over M with V(z) replaced by Vi in E(u). Then me is
achieved by the proof in the first half above since (V3) is satisfied by a constant, say
at u € M which we may assume to be positive in R \ {0}. Using this u as a test
function we can show that if V() is not identically equal to V., then m < mqo.



SOLITON SOLUTIONS 447

Now if 8 € (0,1), we can follow a similar argument as above to get a contradiction:

(14)
m+ o(1)
= E(uy)
> |vnllp31 E@n/|[vnllp+1) + [wal 31 B (wn /| |wallp+1)

by

L2

+(|Ivn||§+1—||vn||§i1)LN(|anl2+Vvﬁ)
+ ([lwallpir = IIwnlliﬁf‘H)/RN(IV’wnI2 +Vwy) —

m([[vallpd1 + llwnal[p1) + (Jurlp = llurllpt)

V

(|Vug|® + Vusk) —

N

= Q

;U\:U|Q

m[(B — )71 + (1 - § — )71

o c
#lurler = lunllf$2) [ (VurP + Vi) - 7

v

sending n — 00, € — 0 (R — o0). Thus, 8 = 1.
Next, we assume that 8 = 1 and |z,,| — 0o as n — co. Then we have w,, — 0 in
(RY). Then as we send n — 0o, € — 0,

m+o(l) = E(uy)

> [[onllpF 1 B (vn/lvnllp41) =

= Q

=1 Q

> ||vn| fyilEOO(Un/||Un||p+l) -

> Meo,

a contradiction with m < ms,. The proof is complete.
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