Nonlinear Schrödinger equations with steep potential well

Thomas Bartsch^{∗†} Mathematisches Institut

Universität Giessen Arndtstr. 2 35392 Giessen Germany

Alexander Pankov^† Department of Mathematics Vinnitsa Pedagogical Institute 287100 Vinnitsa Ukraine

Zhi-Qiang Wang^∗ Department of Mathematics and Statistics Utah State University Logan, UT 84322 USA

1 Introduction and main results

We are interested in solutions of nonlinear Schrödinger equations −Δu + V (x)u = f(x, u) on R^N (1.1)

which satisfy the boundary condition u(x) → 0 as |x| → ∞. If the Schrödinger operator H = −Δ + V on L^2(R^N ) has a discrete spectrum then under appropriate hypotheses on f, various methods may be applied to yield existence of solutions. The problem becomes more difficult when H has essential spectrum. In this paper we investigate a situation where H may have only a finite number of eigenvalues below the infimum of the essential spectrum. We consider positive potentials V which have a potential well whose steepness is

∗Research supported by NATO grant CRG 970179 and DFG grant Gi 30/60-1. †Research supported by DFG grant Gi 30/72-1.

controlled by a parameter. If the steepness of the potential well is being increased, then H has more and more eigenvalues below inf σ_{ess}(H). A natural question is whether (1.1) has correspondingly more and more solutions which decay at infinity and are localized near the bottom of the potential. More precisely, we consider potentials of the form V_λ(x) = a_0(x) + λa(x) satisfying the conditions (V_1) a_0 ∈ L^∞(R^N ) and α_0 := ess inf a_0 > 0;

(V_2) a ∈ L^∞_{loc}(R^N ), a(x) ≥ 0 and there exists a closed subset Z ⊂ R^N with nonempty interior Ω = int Z such that a(x) = 0 for x ∈ Z and a(x) > 0 a. e. in R^N ∖ Z.

The set Z is the bottom of the potential well and the parameter λ controls the steepness of the potential well.

To formulate the last basic assumption on the potential, let us denote by μ_N (−Δ + V, G) and μ_D(−Δ + V, G) infima of the spectra of −Δ + V on an open set G ⊂ R^N with Neumann and Dirichlet boundary conditions, respectively. One has μ_N (−Δ + V, G) = inf_{ψ∈H1(G)\{0}} ∫ G(|∇ψ|^2 + V ψ^2)dx ‖ψ‖^2_{L2(G)} ,

μ_D(−Δ + V, G) = inf_{ψ∈H10 (G)\{0}} ∫ G(|∇ψ|^2 + V ψ^2)dx ‖ψ‖^2_{L2(G)} . Let K_r(x) = {y ∈ R^N : |y_i − x_i| < r, i = 1, . . . , N} and K^c_R = R^N \ K_R(0). We impose one of the following equivalent conditions (V_{3,1}) there exists a sequence R_j → ∞ such that

lim_{λ→∞} lim_{j→∞} μ_N (−Δ + V_λ, K^c_{Rj} ) = ∞;

(V_{3,2}) for some r > 0

lim_{λ→∞} lim_{x→∞} μ_N (−Δ + V_λ, K_r(x)) = ∞;

(1.2)

(V_{3,3}) for every r > 0 condition (1.2) holds;

(V_{3,4}) lim_{λ→∞} lim_{R→∞} μ_D(−Δ + V_λ, K^c_R) = ∞;

(V_{3,5}) for some r > 0

lim_{λ→∞} lim_{x→∞} μ_D(−Δ + V_λ, K_r(x)) = ∞;

(1.3)

(V_{3,6}) for every r > 0 condition (1.3) holds.

The equivalence of all (V_{3,i}) will be proved later, in Section 2. Remark that here the cubes K_r(x) can be replaced by balls B_r(x) = {y ∈ R^N : |y−x| < r}. In what follows conditions (V_{3,i}) will be refered to as (V_3).

Before continuing with the hypotheses on f we present a geometric condition on a which implies (V_3):

(V_4) there exist M_0 > 0 and r > 0 such that mes({x ∈ K_r(y) : a(x) < M_0}) → 0 as |y| → ∞ where mes stands for the Lebesgue measure.

We shall prove in section 2 that (V_3) is a consequence of (V_4). The following condition which has been used in [3] is even stronger than (V_4):

(V_5) there exists M_0 > 0 such that mes({x ∈ R^N : a(x) < M_0}) < ∞. Thus we see that Z may be unbounded. Moreover, it is allowed that

lim_{R→∞} ess inf a|_RN_{∖UR(Z)} = 0,

where U_R(Z) is the open R-neighbourhood of Z. So a can be arbitrarily close to 0 on sets of positive measure which are arbitrarily far away from the bottom. The potential a(x) = max{1, min{x^2_1x^2 − 1, 0}} on R^2 satisfies (V_4), hence (V_3), but not (V_5). The same is true for the potential a(x) = max{1, min{x^2_1x^2 + x^2_1x^2_3 + x^2x^2_3 − 1, 0}} on R^3 .

On the nonlinearity f we impose the following assumptions.

(f_1) f is a Carathéodory function and there exist constants c > 0, p > 2 with p < 2^∗ = 2N/(N − 2) if N ≥ 3, such that |f(x, t)| ≤ c(1 + |t|^{p−1}) for t ∈ R, a. e. x ∈ R^N ; (f_2) f(x, 0) = 0 for a. e. x ∈ R^N , and

lim_{t→0} ess sup x∈R^N | | | f(x, t) t | | | = 0 ;

(f_3) there exists q > 2 such that 0 < qF (x, t) ≡ q ∫_t 0 f(x, s)ds ≤ tf(x, t) for t ≠ 0, a. e. x ∈ R^N ;

(f_4) f(x, −t) = −f(x, t) for t ∈ R, a. e. x ∈ R^N . We look for solutions of −Δu + (a_0(x) + λa(x))u = f(x, u) on R^N

(1.4) in the space E = { u ∈ W^{1,2}(R^N ) : ∫ R^N a(x)u^2dx < ∞ }

endowed with the norm ‖u‖_E = (∫ R^N (|∇u|^2 + (a_0(x) + a(x))u^2)dx )_{1/2}

∼ ( ‖u‖^2_W 1,2 + ∫ R^N a(x)u^2dx )_{1/2} . For λ ≥ 0 we also consider the norm ‖u‖_λ = (∫ R^N (|∇u|^2 + (a_0(x) + λa(x))u^2)dx )_{1/2}

which is equivalent to ‖ · ‖_E if λ > 0 (but not uniformly with respect to λ > 0).

Theorem 1.1. Suppose (V_1) − (V_3) and (f_1) − (f_4) hold. Then for every integer m there exists Λ_m > 0 such that (1.4) with λ ≥ Λ_m has at least m distinct pairs ±v^λ_1 , . . . , ±v^λ_m of weak solutions v^λ_i ∈ E. Moreover, there exist constants a_j, b_j , c_j (independent of λ) with b_j < a_{j+1} and such that a_j ≤ ‖v^λ_j ‖_Lp ≤ b_j and ‖v^λ_j ‖_λ ≤ c_j hold for all λ.

Next we investigate the behaviour of the solutions as λ → ∞. We show that these solutions are well localized.

Theorem 1.2. Suppose (V_1) − (V_3) and (f_1) − (f_3) hold. Let u_n ∈ E, n ∈ N, be a weak solution of (1.4) for some sequence λ_n → ∞ and suppose that sup_{n∈N} ‖u_n‖_{λn} < ∞ (1.5) and inf_{n∈N} ‖u_n‖_Lp > 0 (1.6)

hold. Then there exists u ∈ W^{1,2}(R^N ) such that u_n → u along a subsequence strongly in W^{1,2}(R^N ). Moreover, u is a weak solution of the equation

−Δu + a_0(x)u = f(x, u) for x ∈ Ω = int Z

(1.7)

and u = 0 a. e. in R^N ∖ Z.

A natural question is whether u ∈ W^{1,2}_0 (Ω). Without further conditions on a or Z nothing is known. Clearly, if Z = Ω and if the boundary of Ω is locally Lipschitz, then we have the implication

u ∈ W^{1,2}(R^N ), u = 0 a. e. on R^N ∖ Z =⇒ u ∈ W^{1,2}_0 (Ω)

(1.8)

Thus if (1.8) holds, then the solution u of (1.7) from Theorem 1.2 lies in W^{1,2}_0 (Ω). However, (1.8) does not always hold. In [18] Polking constructs a compact set K ⊂ R^2 with mes(K) > 0, int(K) = ∅ and such that there exists a nonzero u ∈ W^{1,2}(R^2 ) supported by K. In fact, K is the closed unit disk B_1(0) ⊂ R^2 with a countable number of small disjoint open disks removed. Setting Z = K ∪ {x ∈ R^2 : 1 ≤ |x| ≤ 2} one can find a ∈ C^∞(R^2 , R) with a ≥ 0, Z = a^{−1}(0), and a(x) → ∞ as |x| → ∞. Then a satisfies (V_2) and (V_5), hence (V_3), but (1.8) does not hold. Using the notion of capacity (cf. [14]) it follows from [1] and [9] that (1.8) is a consequence of the condition cap ( G ∖ (Z ∩ B_R(0)) ) = cap ( G ∖ int(Z ∩ B_R(0)) ) for any G ⊂ R^N

(1.9)

open, any R > 0.

In fact, for bounded Z the two properties (1.8) and (1.9) are equivalent.

Finally we examine the decay of the solutions at infinity. Here we need to replace (V_3) by the following assumption which is even stronger than (V_5):

(V_6) there exists M_0 > 0, R_0 > 0 such that {x ∈ R^N : a(x) ≤ M_0} ⊂ B_{R0} (0) up to a set of measure zero.

Theorem 1.3. Suppose (V_1), (V_2), (V_6) and (f_1) − (f_3) hold. Let u_λ ∈ E be a solution of (1.4) for λ ≥ Λ such that ‖u_λ‖_λ is bounded uniformly in λ. Then there exist α > 0, β > 0 independent of λ such that |u_λ(x)| ≤ βλ^{−1/2} exp ( − αλ^{1/2}(|x| − R_0) ) for |x| ≥ R_0 . We conclude this section with a discussion of related results. In [19] Rabinowitz obtained the existence of a positive and a negative solution of (1.1) in E = {u ∈ W^{1,2}(R^N ) : ∫ R^N V (x)u 2dx < ∞} provided inf V > 0 and V (x) → ∞ as |x| → ∞. The nonlinearity f has to satisfy (f_1) − (f_3). Moreover, V and f have to be continuous but this is not essential. It is known though not used in [19] that V (x) → ∞ as |x| → ∞ implies

(V_7) the embedding E → L^2(R^N ) is compact.

In fact, as a consequence of Molchanov’s results [15] (see also [11], Corollary 6.2) the following condition (V_8) implies (V_7):

(V_8) for any M > 0 and any r > 0 it holds: mes({x ∈ K_r(y) : V (x) ≤ M}) → 0 as |y| → ∞. In [3] and [4] the stronger condition

(V_9) mes({x ∈ R^N : V (x) ≤ M}) < ∞ for every M > 0

has been used. In [3] it is proved that (V_9) implies (V_7) which is of course a consequence of the result of [15] and [11]. In [11] Kondrat’ev and Shubin also show that “λ-free” version of each condition (V_{3,i}) is equivalent to (V_7) if V is bounded below. For example, one such condition is

lim_{x→∞} μ_N (−Δ + V, K_r(x)) = ∞

for every r > 0 (and K_r(x) can be replaced by B_r(x)). Moreover, there is a necessary and sufficient condition expressed in terms of capacity [15] and [11]:

(V_{10}) there exists c > 0 such that for every sequence x_k with |x_k| → ∞, every r > 0, every compact subset F_k ⊂ B_r(x_k) with cap(F_k) ≤ cr^{n−2} if n ≥ 3 (cap(F_k) ≤ c(log 1/r)^{−1} if n = 2), it holds ∫ B_r(x_k )∖F_k V (x) dx → ∞ as k → ∞.

From (V_7) it follows that for 2 ≤ p < 2^∗

(V_{11}) the embedding E → L^p(R^N ) is compact.

If f satisfies (f_1) − (f_3), and if V satisfies inf V > 0 and (V_{11}) with p from (f_1), then a simple mountain pass argument yields a positive and a negative solution of (1.1). If f satisfies in addition (f_4) then (1.1) has infinitely many solutions. These results can essentially be found in [3]. There we required (V_9) instead of (V_{11}) but the proof in [3] works under the weaker hypothesis. In [3] it is also proved that (1.4) has a positive and a negative solution for λ large provided (V_1), (V_2), (V_5) and (f_1) − (f_3) hold. In fact, only the case a_0 ≡ 1 was considered in [3] which is however not a serious restriction. In [22] these results are obtained under weaker hypotheses on the potential and on the nonlinearity. If V satisfies (V_1), (V_2) and (V_5) then Theorem 2.4 of [3] states the existence of an increasing number of solutions of (1.4) if λ → ∞. This result is now a consequence of Theorem 1.1. The proof in [3] implicitely assumes (V_7) instead of (V_5) and therefore has a gap. We would also like to mention the paper [4] where the existence of a sign-changing solution of (1.1) and (1.4) has been proved under somewhat stronger hypotheses on V , a and f (but f need not be odd). The results of [2] and [4] suggest that the solutions obtained in Theorem 1.1 should also change sign, except v^λ_1 .

Somewhat related concentration phenomena as in Theorem 1.2 and Theorem 1.3 have been observed for positive bound states of the singularly perturbed equation −ϵ^2Δu + V (x)u = f(x, u) on R^N (1.10)

as ϵ → 0. This kind of results has been initiated by the work [6] of Floer and Weinstein. They considered the homogeneous nonlinearity f(x, u) = |u|^{p−2}u and proved the existence of a positive solution u_ϵ of (1.10) which has the shape of a spike and concentrates near a nondegenerate critical point of V as ϵ → 0. More recent results of this type can be found in [8], [12], [17], [23], [24] and the references therein. In particular, in [17] a concentration for solutions of (1.10) is proved, if there exists a bounded subset A ⊂ R^N such that inf V |_A < inf V |_{∂A}. Then (1.10) has a solution u_ϵ which concentrates as ϵ → 0 at a point x_ϵ ∈ A and V (x_ϵ) → inf V |_A. Moreover, u_ϵ decays exponentially away from x_ϵ. This point concentration which holds for (1.10) as ϵ → 0 is quite different from the concentration which we prove for equation (1.4) as λ → ∞.

The paper is organized as follows. In section 2 we investigate the spectrum of the Schrödinger operator H_λ = −Δ+V_λ as λ → ∞. Our main result there is that the infimum of the essential spectrum of −Δ + V_λ converges to ∞ as λ → ∞ and that more and more eigenvalues appear below the infimum of the essential spectrum as λ → ∞. We also prove in section 2 that (V_4) implies (V_3). Theorem 1.i will be proved in section i+2, i = 1, 2, 3.

2 Spectral properties of the Schrödinger operator

The operator H_λ := −Δ + V_λ = −Δ + λa + a_0 is a self-adjoint operator on L^2(R^N ), bounded below by α_0, with the form domain Q(H_λ) = E; see [20], for instance. Thus the quadratic form ⟨H_λu, u⟩ which is defined for u ∈ D(H_λ) extends to a quadratic form on E. Here we write ⟨ · , · ⟩ and ‖ · ‖ for the scalar product and the norm in L^2(R^N ), respectively. Other norms will be distinguished by an index. We shall occasionally use the notation ⟨H_λu, u⟩ = ∫ R^N (|∇u| 2 + V_λu^2)dx also for u ∈ E.

In order to prove the existence of eigenvalues of H_λ below σ_{ess}(H_λ), for given elements ψ_1, . . . ψ_m of E we set U_λ(ψ_1, . . . , ψ_m) = inf{⟨H_λψ, ψ⟩ : ψ ∈ E, ‖ψ‖ = 1, ⟨ψ, ψ_j ⟩ = 0 for j = 1, . . . , m}. For k ∈ N we define spectral values of H_λ by the k-th Rayleigh quotient

μ_k(H_λ) = sup ψ_1,... ,ψ_{k−1}∈E U_λ(ψ_1, . . . , ψ_{k−1}). We also use the notation μ_{k,N} (H_λ, G) (μ_{k,D}(H_λ, G)) for the k−th Rayleigh quotient of the operator H_λ on a domain G ⊂ R^N with Neumann (Dirichlet) boundary conditions. In particular,

μ_{1,N} (H_λ, G) = μ_N (H_λ, G) and μ_{1,D}(H_λ, G) = μ_D(H_λ, G) . Obviously, μ_k(H_λ) is nondecreasing as a function of k and as a function of λ. By Theorems XIII.1 and XIII.2 of [20], either μ_k(H_λ) is an eigenvalue of H_λ or μ_k(H_λ) = μ_{k+1}(H_λ) = . . . = inf σ_{ess}(H_λ). Now we choose a domain Ω_0 ⊂ Ω with mes(Ω_0) < ∞ and compare H_λ with the operator L = −Δ + a_0 in L^2(Ω_0). This operator is selfadjoint and positive, with domain W^{1,2}_0 (Ω_0) ∩ W^{2,2}(Ω_0) and form domain W^{1,2}_0 (Ω_0). Since mes(Ω_0) < ∞ the spectrum σ(L) is discrete and consists of eigenvalues μ_k(L) of finite multiplicity, 0 < μ_1(L) < μ_2(L) ≤ μ_3(L) ≤ . . . , and μ_k(L) → ∞ as k → ∞.

Considering W^{1,2}_0 (Ω_0) as a subspace of E we see that 0 ≤ H_λ ≤ L because ⟨ψ, H_λψ⟩ = ⟨ψ, Lψ⟩ for ψ ∈ W^{1,2}_0 (Ω_0). As a simple consequence of the Courant minimax description of the eigenvalues (see [20], Section XIII.1, for instance), this implies μ_k(H_λ) ≤ μ_k(L) for every k. Since μ_k(H_λ) is nondecreasing in λ we may define μ_k = lim_{λ→∞} μ_k(H_λ). Clearly we have that μ_1 ≤ μ_2 ≤ . . . is a nondecreasing sequence because μ_k(H_λ) is nondecreasing in k for every λ, and μ_k ≤ μ_k(L).

Proposition 2.1. lim_{k→∞} μ_k = ∞ if and only if one of equivalent conditions (V_{3,i}), i = 1, . . . , 6, holds.

Proof. Assume that (V_{3,1}) holds, but lim_{k→∞} μ_k = sup_k μ_k ≤ C .

By (V_{3,1}) there exists λ_0 > 0 and R_j > 0 such that μ_N (H_{λ0} , K^c_{Rj} ) ≥ 2C. (2.1) Since lim_{k→∞} μ_{k,N} (H_0, K_{Rj} (0)) = ∞ there exists k_0 ∈ N with μ_{k0,N} (H_0, K_{Rj} (0)) ≥ 2C . Using the notation (H^N_λ , G) for the operator H_λ on L^2(G) with Neumann boundary conditions, we have for λ ≥ λ_0 (H_λ, R^N ) ≥ (H_{λ0} , R^N ) ≥ (H^N_{λ0} , K_{Rj} (0) ∪ K^c_{Rj} ) = (H^N_{λ0} , K_{Rj} (0)) ⊕ (H^N_{λ0} , K^c_{Rj} ) ≥ (H^N_0 , K_{Rj} (0)) ⊕ (H^N_{λ0} , K^c_{Rj} ) (see [20], XIII.15, Propositions 3 and 4). Now (2.1) implies μ_{k0} (H_λ, R^N ) ≥ μ_{k0} ((H^N_0 , K_{Rj} (0)) ⊕ (H^N_{λ0} , K^c_{Rj} )) = μ_{k0,N} (H_0, K_{Rj} (0)) ≥ 2C which contradicts the inequality μ_{k0} (H_λ, R^N ) ≤ μ_{k0} ≤ C.

Assume that lim_{k→∞} μ_k = ∞. We want to show that (V_{3,4}) holds. If not, then there exists a constant C > 0 such that μ_D(H_λ, K^c_R) ≤ C for all λ ≥ λ_0 and R ≥ R_0. By the Persson theorem [16] (see also [10]), we have

inf σ_{ess}(H_λ) = lim_{R→∞} μ_D(H_λ, K^c_R) ≤ C.

(2.2)

Since μ_k → ∞, there exists k_0 such that C < μ_{k0} < μ_{k0+1}. Then μ_{k0+1}(H_λ) > μ_{k0} ≥ μ_{k0} (H_λ) provided λ is large enough. This implies that inf σ_{ess}(H_λ) ≥ μ_{k0} > C which contradicts (2.2).

Implications (V_{3,4}) =⇒ (V_{3,5}) =⇒ (V_{3,6}) and (V_{3,2}) =⇒ (V_{3,3}) are obvious. By Lemma 2.9 [11], there exist C_1, C_2 > 0 such that

μ_N (H_λ, K_r(x)) ≤ μ_D(H_λ, K_r(x)) ≤ C_1μ_N (H_λ, K_r(x)) + C_2r^{−2}

for all λ > 0, x ∈ R^N and r > 0. From this equivalences (V_{3,2}) ⇐⇒ (V_{3,5}) and (V_{3,3}) ⇐⇒ (V_{3,6}) follow. (In [11] Lemma 2.9 is stated for balls, but the proof given there works for cubes as well).

Now let us prove that (V_{3,3}) implies (V_{3,1}). Take R_j = jr and decompose R^N into a countable family of pairwise disjoint cubes K_r(x_m) such that K^c_{Rj} is the union of all K_r(x_m) with m ∈ J(j) = {m : x_m ∈ K^c_{Rj} }. Let

β_j(λ) = inf_{m∈J(j)} μ_N (H_λ, K_r(x_m)).

Clearly, lim_{λ→∞} lim_{j→∞} β_j(λ) = ∞.

Now for u ∈ H^1(K^c_{Rj} ) we have ∫ K^c_{Rj} (|∇u|^2 + V_λu^2)dx = ∑ m∈J(j) ∫ K_r(x_m) (|∇u|^2 + V_λu^2)dx ≥

≥ β_j (λ) ∑ m∈J(j) ‖u‖^2_L2_{(Kr (xm))} = β_j (λ)‖u‖^2_L2_{(K}c_{Rj )}.

This implies obviously that

lim_{λ→∞} lim_{j→∞} μ_N (H_λ, K^c_{Rj} ) = ∞.

As a corollary of Proposition 2.1 we obtain:

Corollary 2.2. a) inf σ_{ess}(H_λ) → ∞ as λ → ∞.

b) For any k there exists λ_k > 0 such that H_λ has at least k eigenvalues below the essential spectrum provided λ ≥ λ_k.

For some quantitative estimates it is useful to know more precisely how fast inf σ_{ess}(H_λ) grows. We present one result in this direction.

Proposition 2.3. Under assumptions (V_1), (V_2) and (V_5) the essential spectrum σ_{ess}(H_λ) of H_λ is contained in [λM_0 + α_0, ∞).

It is possible that σ_{ess}(H_λ) = [λM_0 + α_0, ∞) for every λ > 0. This is the case, for instance, if a_0(x) ≡ α_0 and a(x) → M_0 as |x| → ∞. Hypothesis (V_5) is satisfied if a(x) > M_0 for all x except on a set of finite measure. As it follows from the Lieb-Cwikel-Rozenblum bound [20], under the assumptions of Proposition 2.3 H_λ has only a finite number of eigenvalues below λM_0 +α_0 provided N ≥ 3.

Proof. We set W_λ := V_λ−λM_0 −a_0 = λ(a−M_0) and write W^+_λ = max(W_λ, 0), W^−_λ = min(W_λ, 0). Clearly we have for λ ≥ 0

σ(−Δ + W^+_λ + λM_0 + a_0) ⊂ [λM_0 + α_0, ∞)

(2.3)

because W^+_λ ≥ 0. Thus Lemma 2.3 follows if we can show that H_λ has the same essential spectrum as L_λ := −Δ+W^+_λ +λM_0 +a_0. Since H_λ = L_λ +W^−_λ we only need to prove that the operator of multiplication by W^−_λ is a relative form compact perturbation of L_λ, see [20], Problem 39. The form domain of L_λ is the same as the form domain E of H_λ since W^−_λ is bounded. Thus we have to show that E → E^∗, u → W^−_λ · u, is compact . (2.4)

In fact, we shall show that

W^{1,2}(R^N ) → L^2(R^N ), u → W^−_λ · u, is compact.

(2.5)

Since E → W^{1,2}(R^N ) → L^2(R^N ) → E^∗ are bounded this implies (2.4). Setting

S := {W^−_λ · u : u ∈ W^{1,2}(R^N ), ‖u‖_W 1,2 ≤ 1}

(2.6)

we want to prove that S is precompact in L^2(R^N ) which is equivalent to (2.5). Fix ϵ > 0 and set A := {x ∈ R^N : a(x) ≤ M_0}. By (V_5) there exists R = R(ϵ) > 0 such that

mes(A ∩ B^c_R) < ϵ

(2.7)

where B^c_R := R^N ∖ B_R(0). Let χ be the characteristic function of B_R(0) and χ^c = 1 − χ the characteristic function of B^c_R. Choose s ∈ (1, N/(N − 2)) and let s^′ = s/(s − 1) be the dual exponent. For u ∈ W^{1,2}(R^N ) with ‖u‖_W 1,2 ≤ 1 we have ‖χ^c · W^−_λ · u‖_L2 = ∫ A∩B^c_R (W^−_λ )^2u^2dx

≤ (∫ A∩B^c_R |u|^{2s}dx )_{1/s} (∫ A∩B^c_R |W^−_λ |^{2s′} dx )_{1/s}′

≤ C‖u‖^2_W 1,2 · ϵ^{1/s′} ≤ Cϵ^{1/s′} . Here we used that W^−_λ is bounded and that W^{1,2}(R^N ) embeds into L^{2s}(R^N ) since 2 < 2s < 2N/(N − 2). On the other hand, the set S_ϵ = {χ · W^−_λ · u : u ∈ W^{1,2}(R^N ), ‖u‖_W 1,2 ≤ 1} is precompact in L^2(R^N ) because W^{1,2}(R^N ) → L^2_{loc}(R^N ) is compact. Therefore the set S lies in the Cϵ^{1/s′} -neighbourhood of a precompact set S_ϵ, for every ϵ > 0. It follows that S is precompact itself. Proposition 2.4. (V_4) implies (V_3). Proof. It is sufficient to prove that lim_{λ→∞} lim_{y→∞} μ_N (−Δ + V_λ, K_r(y)) = ∞ follows from (V_4). Let A_y = {x ∈ K_r(y) : a(x) ≥ M_0} and D_y = {x ∈ K_r(y) : a(x) < M_0}. We first observe that ∫ A_y ( |∇u|^2 + (λa + a_0)u^2 ) dx ≥ (λM_0 + α_0) ∫ A_y u^2dx. (2.8)

Now we fix s > 1 with s < N/(N − 2) and let s^′ = s/(s − 1) be the dual exponent. The Sobolev inequality yields a constant C > 0 with ‖u‖_L2s_{(Kr(y))} ≤ C‖u‖_W 1,2_{(Kr (y))} (2.9) for all u ∈ W^{1,2}(K_r(y)). Setting ϵ(y) = mes(D_y) we obtain with the help of (2.9) and the Hölder inequality: ∫ D_y u^2dx = (ϵ(y))^{1/s′} ( ∫ D_y u^{2s}dx)^{1/s} ≤ ϵ(y)^{1/s′} ‖u‖^2_L2s_{(Kr(y))} = ϵ(y)^{1/s′} C‖u‖^2_W 1,2_{(Kr(y))}

Condition (V_4) states that ϵ(y) → 0 as y → ∞. From this and (2.8) it follows easily that the Rayleigh quotient

μ_N (−Δ + V_λ, K_r(y)) = inf_{u∈W 1,2(Kr (y))} ∫ K_r(y) (|∇u| 2 + V_λu^2) dx ∫ K_r(y) u 2dx becomes arbitrarily large if y → ∞ and λ → ∞.

3 Proof of Theorem 1.1

Solutions of (1.4) will be obtained as critical points of the functional Φ_λ : E → R, Φ_λ(u) = 1 2 ⟨H_λu, u⟩ − ∫ R^N F (x, u)dx. It is well known that assumption (f_1) implies Φ_λ ∈ C^1(E). Clearly, Φ_λ is an even functional by (f_4). As a consequence of the results of section 2, for any k ∈ N there exists λ_k > 0 such that μ_k(H_λ) < inf σ_{ess}(H_λ) and μ_j(H_λ) > μ_j /2 for j = 1, . . . , k, all λ ≥ λ_k. Let e^λ_1 , . . . , e^λ_k ∈ E be L^2-orthonormal eigenfunctions of H_λ associated to the eigenvalues μ_1(H_λ), . . . , μ_k(H_λ) and set E^λ_k := span{e^λ_1 , . . . , e^λ_k } ⊂ E for λ ≥ λ_k.

Next we choose a domain Ω_0 ⊂ Ω with mes(Ω_0) < ∞ and set F = W^{1,2}_0 (Ω_0) ⊂ E. Since mes(Ω_0) < ∞, F has an orthonormal basis of eigenfunctions (f_j )_{j∈N} of the operator L = −Δ+a_0. Setting F_k = span{f_1, . . . , f_k} there exists R_k > 0 such that

Φ_λ(u) = Φ_0(u) ≤ 0 for any u ∈ F_k with ‖u‖_E ≥ R_k.

(3.1) Now we define almost critical values c^λ_k as follows. With B_k = {u ∈ F_k : ‖u‖_E ≤ R_k} and Γ_k = {γ : B_k → E| γ is odd, continuous, and γ(u) = u if ‖u‖ = R_k} we set c^λ_k := inf_{γ∈Γk} max_{u∈Bk} Φ_λ(γ(u)).

Clearly we have c^λ_k ≤ c_k := max_{u∈Bk} Φ_0(u) for all k ∈ N, λ ≥ 0.

(3.2)

Moreover, c^λ_k ≥ 0 because γ(0) = 0 for every γ ∈ Γ_k. Therefore c^λ_k ∈ R and standard deformation arguments show that there exist sequences (u^λ_{k,n})_{n∈N} with

Φ_λ(u^λ_{k,n}) → c^λ_k and Φ^′_λ(u^λ_{k,n}) → 0 as n → ∞ uniformly in k, λ.

(3.3) Using (f_3) it follows that ‖u^λ_{k,n}‖_λ is bounded, uniformly in λ and n. This implies u^λ_{k,n} ⇀ u^λ_k in E and u^λ_{k,n} → u^λ_k in L^q_{loc}(R^N ), 2 ≤ q < 2N/(N − 2). It follows that u^λ_k is a weak solution of (1.4).

Next we provide a lower bound for c^λ_k :

c^λ_k ≥ c^λ_k := sup_{ρ>0} inf u∈(E^λ_{k−1})^⊥,‖u‖_λ=ρ Φ_λ(u) for all k ∈ N, λ ≥ λ_k,

(3.4)

where (E^λ_{k−1})^⊥ = {u ∈ E : ⟨u, e^λ_j ⟩ = 0 for j = 1, . . . , k − 1}. In order to see this inequality observe that if ρ satisfies {u ∈ (E^λ_{k−1})^⊥ ∩ F_k : ‖u‖_λ = ρ, ‖u‖ ≥ R_k} ≠ ∅ then inf u∈(E^λ_{k−1})^⊥,‖u‖_λ=ρ Φ_λ(u) ≤ 0

by (3.1). Therefore we only need to consider those ρ with {u ∈ (E^λ_{k−1})^⊥ ∩ F_k : ‖u‖_λ = ρ} ⊂ int(B_k). (3.5) Given γ ∈ Γ_k and ρ such that (3.5) holds we set O = {u ∈ B_k : ‖γ(u)‖_λ < ρ}. This is an open neighbourhood of 0 in B_k and satisfies O ⊂ int(B_k) because of (3.5). With P_k : E → E_{k−1} denoting the L^2-orthogonal projection we consider the map P_k ∘ γ : O → E_{k−1}. The Borsuk-Ulam theorem yields u ∈ ∂O with P_k(γ(u)) = 0, hence γ(u) ∈ (E^λ_{k−1})^⊥ and ‖γ(u)‖_λ = ρ. This implies max_{u∈Bk} Φ_λ(γ(u)) ≥ inf u∈(E^λ_{k−1})^⊥,‖u‖_λ=ρ Φ_λ(u)

for every γ ∈ Γ_k and every ρ satisfying (3.5), hence for every ρ > 0. This proves (3.4).

Lemma 3.1. c^λ_k → ∞ as k → ∞, λ ≥ λ_k.

Proof. Using (f_1) and (f_2) there exists C_1 > 0 such that F (x, t) ≤ |t|^2 + C_1|t|^p for t ∈ R, a. e. x ∈ R^N . Thus we have Φ_λ(u) = 1 2 ⟨H_λu, u⟩ − ∫ R^N F (x, u)dx ≥ 1 2 ⟨H_λu, u⟩ − ‖u‖^2 − C_1‖u‖^p_Lp . By the definition of μ_k(H_λ) it follows that ‖u‖^2 ≤ ⟨H_λu, u⟩/μ_k(H_λ) for u ∈ (E^λ_{k−1})^⊥. (3.6) By the Gagliardo-Nirenberg inequality there exists C_2 > 0 such that ‖u‖_Lp ≤ C_2‖u‖^θ_W 1,2 ‖u‖^{1−θ}, where θ = N(p − 2)/2p ∈ (0, 1). Using (3.6) and ‖u‖_W 1,2 ≤ ‖u‖_λ = ⟨H_λu, u⟩^{1/2} we obtain ‖u‖_Lp ≤ C_2 μ_k(H_λ)^{(1−θ)/2} ‖u‖_λ for u ∈ (E^λ_{k−1})^⊥. (3.7) Now (3.6) and (3.7) imply Φ_λ(u) ≥ ( 1 2 − 1 μ_k(H_λ) ) ‖u‖^2_λ − C_3 μ_k(H_λ)^{p(1−θ)/2} ‖u‖^p_λ for u ∈ (E^λ_{k−1})^⊥. Lemma 3.1 follows easily from μ_k(H_λ) → ∞ as k → ∞, λ ≥ λ_k, which has been proved in Lemma 2.1. Lemma 3.2. There exists α_1 > 0 independent of λ such that lim inf n→∞ ‖u^λ_{k,n}‖^p_Lp ≥ α_1c^λ_k for all k ∈ N, λ ≥ λ_k. Proof. For ϵ_0 = (q − 2)/4q there exists α > 0 such that 1 2 f(x, t)t − F (x, t) ≤ ϵ_0t^2 + α|t|^{p+1} for t ∈ R, a. e. x ∈ R^N . This is a consequence of (f_1) and (f_2). Setting α_1 = 1/2α the lemma follows as in [3], proof of Lemma 5.1.

Lemma 3.3. For each k there exists β_k > 0 independent of λ such that lim sup n→∞ ‖u^λ_{k,n}‖^p_Lp ≤ β_k for all k ∈ N, λ ≥ λ_k. Proof. As in [3], proof of (5.4), one sees that (3.3) implies ‖u^λ_{k,n}‖^2_λ ≤ 2q q − 2 c^λ_k + o(1) as n → ∞, uniformly in λ ≥ λ_k.

Lemma 3.3 follows from this, (3.2) and the Sobolev inequality.

As in [3] we now choose a sequence of integers k → ∞ such that α_1c^λ_{kj+1} > 4β_{kj} for j ∈ N, λ ≥ λ_{kj+1} . (3.8) This is possible because of Lemma 3.1.

Lemma 3.4. For each m ∈ N there exists Λ_m > 0 such that Λ_m ≥ λ_{kj} for j = 1, . . . , m and such that the weak limits v^λ_j := u^λ_{kj} of (u^λ_{kj ,n})_n satisfy ‖v^λ_j ‖^p_Lp ≥ γ^λ_j := α_1 2 c^λ_{kj} for λ ≥ Λ_m, j = 1, . . . , m. This is proved as Lemma 5.10 of [3].

Proof of Theorem 1.1: Given m ∈ N the solutions v^λ_1 , . . . , v^λ_m of (1.4) exist for λ ≥ Λ_m. They have increasing L^p-norms: γ^λ_j ≤ ‖v^λ_j ‖^p_Lp ≤ β_{kj} < γ^λ_{j+1}/2 < γ^λ_{j+1} ≤ ‖v^λ_{j+1}‖^p_Lp . Here we used (3.8) and Lemma 3.3. Setting a_j := inf_{λ≥Λm}(γ^λ_j )^{1/p} and b_j := (β_{kj} )^{1/p} we have a_{j+1} > b_j by (3.8) and a_j ≤ ‖v^λ_j ‖_Lp ≤ b_j by Lemma 3.3 and Lemma 3.4. Finally, c_j := sup_{λ≥Λm}‖v^λ_j ‖_λ < ∞ follows from the fact that ‖u^λ_{k,n}‖_λ is bounded for each k uniformly in λ and n; see the statement following (3.3).

4 Proof of Theorem 1.2

We first observe that (u_n)_n is bounded in E and in W^{1,2}(R^N ). Therefore after passing to a subsequence we have u_n ⇀ u in W^{1,2}(R^N ) and u_n → u in L^θ_{loc}(R^N ), 2 ≤ θ < 2^∗. It follows that u is a weak solution of (1.7). Lemma 4.1. u = 0 a. e. in R^N ∖ Z.

Proof. Consider the sets A_k = {x ∈ R^N : |x| ≤ k, a(x) ≥ 1/k}, k ∈ N. Then ∫ A_k u^2_ndx ≤ k ∫ A_k a(x)u^2_ndx ≤ k λ_n ‖u_n‖_{λn} → 0 as n → ∞ , hence, ∫ A_k u 2dx = 0 for every k. This implies u|A_k = 0 a. e., for every k ∈ N, and therefore u(x) = 0 for a. e. x ∈ ⋃ k∈N A_k, hence u = 0 a. e. in R^N ∖ Z by (V_2).

Lemma 4.2. u_n → u in L^θ(R^N ), 2 < θ < 2^∗.

Proof. Suppose the lemma is wrong. Then by Lemma I.1 of [13] there exists δ > 0, ρ > 0 and a sequence (x_n)_n in R^N such that ∫ B_ρ(x_n) |u_n − u|^2dx ≥ δ for all n ∈ N. (4.1)

This is only possible if |x_n| → ∞ as n → ∞. Setting B_n := {x ∈ B_ρ(x_n) : a(x) ≤ M_0} and R_n := |x_n| − ρ we have ‖u_n‖^2_{λn} ≥ λ_nM_0 ∫ B_ρ(x_n)∖B_n u^2_n dx = λ_nM_0 ∫ B_ρ(x_n)∖B_n |u_n − u|^2dx = λ_nM_0 ( ∫ B_ρ(x_n) |u_n − u|^2dx − ∫ B_n |u_n − u|^2dx )

= λ_nM_0 ( δ − ∫ B^c_{Rn} |u_n − u|^2dx ) .

(4.2)

Let C > 0 be an upper bound for ‖u_n‖^2_{λn} . From (V_3) it follows that ‖(u_n − u)|_Bc_{Rn} ‖^2_{λn} ≥ 8C δ ‖(u_n − u)|_Bc_{Rn} ‖^2 if n is large enough because R_n → ∞. Putting this into (4.2) we obtain ‖u_n‖^2_{λn} ≥ λ_nM_0δ/2 → ∞ as n → ∞, in contradiction to the assumption sup_{n∈N} ‖u_n‖_{λn} < ∞.

Lemma 4.3. u_n → u in W^{1,2}(R^N ). Proof. Recall that the norm ‖u‖_0 = ∫ R^N (|∇|u 2 + a_0(x)u^2)dx is equivalent to ‖u‖_W 1,2 . Therefore it suffices to show that ‖u‖_0 ≥ lim sup_{n→∞} ‖u_n‖_0 .

(4.3) Since u_n is a weak solution of (1.4) we have

‖u_n‖^2_0 ≤ ∫ R^N (|∇u_n|^2 + (λ_na + a_0)u^2_n) dx = ∫ R^N f(x, u_n)u_n dx . (4.4) Similarly we obtain

‖u‖^2_0 = lim_{n→∞} ∫ R^N (∇u_n · ∇u + a_0(x)u_nu) dx = lim_{n→∞} ∫ R^N (∇u_n · ∇u + (λ_na(x) + a_0(x))u_nu) dx = lim_{n→∞} ∫ R^N f(x, u_n)u dx . (4.5)

Next we show that ∫ R^N f(x, u_n)(u − u_n) dx → 0 as n → ∞. (4.6) Let C_1 be a bound for ‖u‖_L2 and ‖u_n‖_L2 , n ∈ N. The assumptions (f_1) and (f_2) imply that for any ϵ > 0 there exists A_ϵ such that |f(x, t)| ≤ ϵ|t| + A_ϵ|t|^{p−1} for t ∈ R, a. e. x ∈ R^N . This implies | | | ∫ R^N f(x, u_n)(u − u_n)dx | | | ≤ ϵ ∫ R^N |u_n| · |u − u_n|dx + A_ϵ ∫ R^N |u_n|^{p−1}|u − u_n|dx ≤ 2ϵC^2_1 + A_ϵ‖u_n‖^{p−1}_Lp · ‖u − u_n‖_Lp . Now (4.6) follows because we can make the first summand as small as we want by choosing ϵ small, and then the second will be arbitrarily small for n large enough by Lemma 4.2. Finally (4.3) is a consequence of (4.4), (4.5) and (4.6).

5 Proof of Theorem 1.3

Let u_λ ∈ E be a solution of (1.4) for λ ≥ Λ such that ‖u_λ‖_λ ≤ C is bounded uniformly in λ.

Lemma 5.1. The solutions u_λ are bounded, continuous, and u(x) → 0 as |x| → ∞. Moreover, there exists C_0 > 0 independent of λ such that ‖u_λ‖_L∞ ≤ C_0 for all λ.

Proof. We first prove the uniform bound on the L^∞-norm of u_λ. In the cases N = 1 or N = 2 this follows immediately from ‖u_λ‖_λ ≤ C, hence ‖u_λ‖_W 1,2 ≤ C_1 for all λ ≥ Λ.

From now on we assume N ≥ 3. Then (u_λ)_{λ≥Λ} is a bounded family in L^{2∗} (R^N ) where 2^∗ = 2N/(N −2). Assumption (V_6) implies that the potential V_λ belongs to the Kato class K_N ; see [21], A.2, for a definition of K_N . Due to the Sobolev estimates for Schrödinger operators (see [21], Theorem B.2.1) H^{−1}_λ is a well defined bounded operator from L^s(R^N ) to L^r(R^N ) provided 1 ≤ s ≤ r ≤ ∞ and^1_s −^1_r <^2_N . Moreover, the argument in [21] also implies that

for 1 ≤ s ≤ r ≤ ∞ with 1 s − 1 r < 2 N there exists C_{r,s} > 0 with

(5.1)

‖H^{−1}_λ g‖_Lr ≤ C_{r,s}‖g‖_Ls for all λ ≥ 0 and all g ∈ L^s(R^N ).

Let χ_{λ,0} be the characteristic function of the set {x ∈ R^N : |u_λ(x)| ≤ 1} and define v_{λ,0} = χ_{λ,0}u_λ, w_{λ,0} = u_λ − v_{λ,0} = (1 − χ_{λ,0})u_λ. Setting g_{λ,0} = f( · , v_{λ,0}) and h_{λ,0} = f( · , w_{λ,0}) we have f( · , u_λ) = g_{λ,0} + h_{λ,0}. Obviously ‖g_{λ,0}‖_L∞ is bounded uniformly in λ. Moreover, ‖h_{λ,0}‖_Lp0 is bounded uniformly in λ for p_0 = 2^∗/(p − 1) because assumptions (f_1) and (f_2) imply |f(x, t)| ≤ c|t|^{p−1} for |t| ≥ 1, a. e. x ∈ R^N . Now we define v_{λ,1} = H^{−1}_λ g_{λ,0} and w_{λ,1} = H^{−1}_λ h_{λ,0} so that u_λ = v_{λ,1} +w_{λ,1}.

It follows from (5.1) that there exists C_2 > 0 with

‖v_{λ,1}‖_L∞ ≤ C_2 and ‖w_{λ,1}‖_Lp1 ≤ C_2 for all λ;

(5.2)

here p_1 = ∞ if p_0 > N/2, and p_1 is arbitrarily close to and less than p_0N/(N − 2p_0) if p_0 ≤ N/2. In the case p_0 > N/2 we are done. In the case p_0 ≤ N/2 let χ_{λ,1} be the characteristic function of the set A_λ = {x ∈ R^N : |w_{λ,1}(x)| ≤ C_2 + 1}. Setting v_{λ,1} = χ_{λ,1}u_λ = χ_{λ,1}(v_{λ,1} + w_{λ,1}) and w_{λ,1} = u_λ − v_{λ,1} = (1 − χ_{λ,1})(v_{λ,1} + w_{λ,1})

we have that ‖v_{λ,1}‖_L∞ is bounded uniformly in λ. In addition, ‖w_{λ,1}‖_Lp1 is uniformly bounded because

‖(1 − χ_{λ,1})v_{λ1}‖_Lp1 ≤ ‖v_{λ1}‖_L∞ · (mes(R^N ∖ A_λ))^{1/p1}

and ‖(1 − χ_{λ,1})w_{λ1}‖_Lp1 ≤ ‖w_{λ,1}‖_Lp1 are uniformly bounded. Now we repeat the above argument with g_{λ,1} = f( · , v_{λ,1}) and h_{λ,1} = f( · , w_{λ,1}). Thus, for v_{λ,2} = H^{−1}_λ g_{λ,1} and w_{λ,2} = H^{−1}_λ h_{λ,1} we obtain a constant C_3 > 0 with

‖v_{λ,2}‖_L∞ ≤ C_3 and ‖w_{λ,2}‖_Lp2 ≤ C_3 for all λ;

(5.3)

here p_2 = ∞ if p_1 > N/2, and p_2 is arbitrarily close to and less than p_1N/(N − 2p_0). After a finite number of such steps we obtain a uniform bound for ‖u_λ‖_L∞ also in the case N ≥ 3.

According to [21], Theorem B.3.3, we have u_λ ∈ C(R^N ) because u_λ ∈ L^∞(R^N ). It remains to prove that u_λ(x) → 0 as |x| → ∞. We set g_λ(x) := f(x, u_λ(x))/u_λ(x) and W_λ(x) := V_λ(x) − g_λ(x) so that u_λ solves the equation

−Δu_λ + W_λu_λ = 0 on R^N .

(5.4)

Since u_λ ∈ L^∞(R^N ) we have g_λ ∈ L^∞(R^N ) using assumptions (f_1) and (f_2). Therefore W_λ ∈ L^∞_{loc}(R^N ) is bounded from below. Now Theorem C.3.1 of [21] implies u_λ(x) → 0 as |x| → ∞.

A simple consequence of the uniform bound ‖u_λ‖_λ ≤ C is

Lemma 5.2. For every M > 0 there exists a constant C_M > 0 independent of λ such that ‖u_λ‖_L2_{({x∈R}N_{:a(x)>M})} ≤ C_M /λ^{1/2}. The assumption (V_6) was not needed for Lemmas 5.1 and 5.2. Theorem C.3.5 of [21] shows that u_λ(x) grows like C_λ exp(−αλ^{1/2}|x|) at infinity. For the proof of Theorem 1.3 we shall now establish the dependence of C_λ on λ.

Proof of Theorem 1.3: Set B^c_{R0} = R^N ∖B_{R0} (0) where R_0 is from (V_6). Clearly we have a(x) > M_0 for x ∈ B^c_{R0} . Since u_λ is a solution of (5.4), the subsolution estimate (see [21], Theorem C.1.2) yields

|u_λ(x)| ≤ C_1‖u_λ‖_L1_{(B1(x))} for all x ∈ R^N .

(5.5)

As a consequence of Lemma 5.1 the negative part W^−_λ of W_λ = V_λ − g_λ = V_λ − f( · , u_λ)/u_λ is bounded uniformly in λ. It follows from [21], A.2.1, that the norm of W^−_λ in K_N is bounded uniformly in λ. This implies that the constant C_1 in (5.5) is independent of λ. Lemma 5.2 implies

‖u_λ‖_L2_{(B}c_{R0 )} ≤ C_2/λ^{1/2} for all λ

(5.6)

where C_2 is also independent of λ. Now (5.5) and (5.6) yield a constant C_3 > 0 such that

|u_λ(x)| ≤ C_3/λ^{1/2} for all λ, all x ∈ B^c_{R0} .

(5.7)

Next we need to recall some facts about the fundamental solution w_μ of −Δ+μ^2. This grows like |x|^{−(N−1)/2}e^{−μ|x|} for |x| → ∞ and we may normalize it so that w_μ(x) = |x|^{−(N−1)/2}e^{−μ|x|}(1 + o(1)) as |x| → ∞, (5.8)

uniformly with respect to μ ≥ μ_0 > 0. For example, in dimension N = 1 the true fundamental solution is (2μ)^{−1} exp(−μ|x|) and we set w_μ(x) = exp(−μ|x|). Moreover, w_μ is of class C^∞ outside the origin and it is positive because (−Δ + μ^2)^{−1} is positive in L^2(R^N ). We refer the reader to [5], Proposition 3.1 of Chapter 3 and Theorem 4.2 of Chapter 2, for these results. As a consequence of (5.4) we obtain for b ∈ R

(−Δ + 2λb)u^2_λ = −2(W_λ − λb)u^2_λ − 2|∇u_λ|^2

(5.9)

in the sense of distributions. For a fixed b ∈ (0, M_0) there exists λ > 0 such that W_λ − λb ≥ 0 on B^c_{R0} for all λ ≥ Λ. Here we used again the uniform bound of ‖u_λ‖_∞ from Lemma 5.1. It follows that

(−Δ + 2λb)u^2_λ ≤ 0 for λ ≥ Λ, a. e. x ∈ B^c_{R0} .

(5.10)

Given λ ≥ Λ we define v_λ := u^2_λ − θ_λw_μ, where μ = √ 2λb and θ_λ is chosen such that v_λ(x) < 0 if |x| = R_0. In fact, by (5.7) and (5.8) we may choose θ_λ = C_4λ^{−1} exp(μR_0) with C_4 independent of λ. Since (−Δ + μ^2)v_λ ≤ 0 by (5.10) and since v_λ(x) → 0 as |x| → ∞ it follows from the maximum principle ([7]), Theorem 8.1) that v_λ(x) ≤ 0 for x ∈ B^c_{R0} , all λ ≥ Λ. Thus we have

u^2_λ(x) ≤ C_4λ^{−1} exp(μR_0)w_μ(x) for x ∈ B^c_{R0} , λ ≥ Λ.

Theorem 1.3 follows from this and (5.8).

Acknowledgement. The authors would like to thank M. Shubin and N. Tarkhanov for helpful discussions.

References

[1] Bagby, T.: Quasitopologies and rational approximation. J. Funct. Anal.

10, 259–268 (1972)

[2] Bartsch, T.: Critical point theory on partially ordered Hilbert spaces.

Preprint

[3] Bartsch, T. and Wang, Z.-Q.: Existence and multiplicity results for some superlinear elliptic problems on R^n . Comm. Partial Differential Equations 20, 1725–1741 (1995)

[4] Bartsch, T. and Wang, Z.-Q.: Sign changing solutions of nonlinear Schrödinger equations. Top. Meth. Nonlinear Analysis 13, 191–198 (1999)

[5] Berezin, F.A. and Shubin, M.A.: The Schrödinger Equation. Dordrecht:

Kluwer 1991

[6] Floer, A. and Weinstein, A.: Nonspreading wave packets for the cubic Schrödinger equation with a bounded potential. J. Funct. Anal. 69, 397– 408 (1986)

[7] Gilbarg, D. and Trudinger, N.: Elliptic Partial Differential Equations of Second Order. Berlin Heidelberg New York Tokyo: Springer 1983

[8] Gui, C.: Multi-peak solutions for a semilinear Neumann problem. Duke Math. J. 84, 739–769 (1996)

[9] Hedberg, L.I.: Non-linear potentials and approximation in the mean by analytic functions. Math. Z. 129, 299–319 (1972)

[10] Hislop, P.D. and Sigal, I.M.: Introduction to Spectral Theory. With Applications to Schrödinger Operators. Berlin Heidelberg New York Tokyo: Springer 1996

[11] Kondrat’ev, V. and Shubin, M.: Discreteness of spectrum for the Schrödinger operators on manifolds of bounded geometry. Operator theory: Advances and Applications 110, 185–226 (1999)

[12] Li, Y.Y.: On a singularly perturbed elliptic equation. Adv. in Differential Equations 2, 955–980 (1997)

[13] Lions, P.: The concentration-compactness principle in the calculus of variations. The locally compact case. Part I. Ann. Inst. H. Poincaré, Anal. Non Linéaire 1, 109–145 (1984)

[14] Maz’ya, V.G.: Sobolev Spaces. Berlin, Heidelberg: Springer 1985

[15] Molchanov, A.M.:On the discreteness of the spectrum conditions for selfadjoint differential equations of the second order. Trudy Mosk. Matem. Obshchestva 2, 169–199 (1953) (in Russian)

[16] Persson, A.: Bounds for the discrete part of the spectrum of a semibounded Schrödinger operator. Math. scand. 8, 143–153 (1960)

[17] del Pino, M. and Felmer, P.: Multi-peak bound states for nonlinear Schrödinger equations. Ann. Inst. H. Poincaré, Anal. Non Linéaire 15, 127–149 (1998)

[18] Polking, J.C.: A Leibniz formula for some differentiation operators of fractional order. Indiana Univ. Math. J. 21, 1019–1029 (1972)

[19] Rabinowitz, P.: On a class of nonlinear Schrödinger equations. Z.

Angew. Math. Phys. 43, 270–291 (1992)

[20] Reed, M. and Simon, B.: Methods of Modern Mathematical Physics, vol. IV. Academic Press 1978

[21] Simon, B.: Schrödinger semigroups. Bull. Amer. Math. Soc. (N.S.) 7, 447–526 (1982)

[22] Sirakov, B.: Existence and multiplicity of solutions of semilinear elliptic equations in R^N . Preprint

[23] Wang, X.: On concentration of positive bound states of nonlinear Schrödinger equations. Comm. Math. Phys. 153, 229–244 (1993)

[24] Wang, Z.-Q.: Existence and symmetry of multi-bump solutions for nonlinear Schrödinger equations. J. Diff. Eq. 159, 102–137 (1999)