ON THE MORSE INDICES OF SIGN CHANGING SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS

Thomas Bartsch Mathematisches Institut Universität Giessen

35392 Giessen

Germany

Kung-Ching Chang^� Institute of Mathematics Peking University Beijing 100871 PRC Zhi-Qiang Wang^y Department of Mathematics and Statistics Utah State University Logan, UT 84322 USA

1 Introduction

Let Ω ⊂ R^N be a Lipschitz bounded domain and f : R → R be of class C^1 with f(0) = 0. The goal of this paper is to obtain information on the Morse index and the sign of solutions of the Dirichlet problem { −Δu = f(u) in Ω, u = 0 on ∂Ω. (D) This additional information will also yield new existence results for multiple solutions of (D).

We first recall a classical result of Courant [10] which states that the number n(e) of nodal sets of an eigenfunction e of the Laplacian in C^∞_0 (Ω)

�Research supported by CNSF.

yResearch supported by NATO grant CRG 970179 and DFG grant Gi 30/60-1.

is bounded above by the Morse index μ(e) of e. The inequality n(u) ≤ μ(u) also holds for solutions u of (D) provided f(0) = 0 and f^′(t) > f(t)/t for t ≠ 0; cf. [3].

In Theorem 2.1 we give conditions on f which guarantee the existence of a sign changing solution u_1 of mountain pass type in the sense of [15]. In particular, for this solution we have n(u_1) ≥ 2 and μ(u_1) ≤ 1. This clearly shows that one cannot expect a simple relation as above between the Morse index and the number of nodal sets for solutions of nonlinear elliptic problems.

In Theorem 2.2 we assume f^′(t) > f(t)/t for t ≠ 0 as well as certain growth conditions. Here we obtain a solution which has precisely two nodal sets. The solution may be degenerate, however, we can show that its Morse index is 2 and that it looks homologically like a nondegenerate solution. This last statement means that it has the same critical groups as a nondegenerate solution with Morse index 2. This information is used in Corollary 2.4 in order to obtain the existence of a second sign changing solution for a quite general nonlinearity.

The proofs are based on a variational approach to (D). In order to prove that the solutions change sign the maximum principle is used in an essential way. It is worthwile to mention that we make no assumptions at all on the set of positive or negative solutions of (D). There may be infinitely many, they may be degenerate, they need not be isolated and they may even accumulate at 0. We also want to mention that our results hold for more general elliptic operators than the Laplacian as long as they are in divergence form and the strong maximum principle applies. Moreover, the nonlinearity f may also depend on x. An extension to non-autonomous elliptic systems will be sketched in Remark 2.5

The existence of sign changing solutions under stronger assumptions than those considered here has been proved in an earlier paper [2]. Related existence results are due to Castro, Cossio and Neuberger [5], [6], and Dancer and Du [11], [12]. The information on Morse indices and critical groups which we prove here is new. In [2] we obtained certain order relations between the sign changing solution u_1 and other solutions of (D). Simple examples show that the existence arguments used in [2] may not yield the same solutions as the ones we obtain here.

The results on solutions of (D) are stated in section 2. In sections 3 and 4 we develop some abstract critical point theorems for functionals on partially ordered Hilbert spaces. Finally, in section 5 we prove the results about (D).

2 Statement of results

Let 0 < λ_1 < λ_2 ≤ λ_3 ≤ . . . be the eigenvalues of { −Δu = λu in Ω, u = 0 on ∂Ω. (L) We first assume the following hypotheses on f.

(f_1) f ∈ C^1(R), f(0) = 0.

(f_2) lim sup |t|→∞ f(t)/t < λ_1 (f_3) f^′(t) → ω ∈ R as |t| → ∞. If ω = λ_k with eigenspace V = {u ∈ C^∞_0 (Ω) : −Δu = ωu} then ∫ Ω ( F (u) − ω 2 u^2 ) dx → ∞ for u ∈ V, ‖u‖ → ∞ or ∫ Ω ( F (u) − ω 2 u^2 ) dx → −∞ for u ∈ V, ‖u‖ → ∞.

Theorem 2.1. Suppose (f_1), (f_2) or (f_1), (f_3) with ω < λ_2 hold, and that f^′(0) > λ_2. Then (D) has a sign changing solution. If all sign changing solutions with negative energy are isolated then (D) has a solution which changes sign, has Morse index at most 1 and is of mountain pass type.

The solution will be obtained as a critical point of the energy functional

Φ(u) = 1 2 ∫ Ω |∇u|^2 dx − ∫ Ω F (u) dx where F (t) = ∫_t 0 f(s) ds is the primitive of f. The notion “mountain pass type” refers to the functional Φ. It will be recalled in section 3 below and is due to Hofer [15]. Observe that we allow a degeneracy at 0 and at infinity: f^′(0) = λ_k for some k ≥ 3 is as well possible as f^′(t) → λ_1 as |t| → ∞.

In our next theorem we treat a complementary case. Here we assume:

(f_4) There exist p < (N + 2)/(N − 2) and a_1 > 0 such that

|f(t)| ≤ a_1(1 + |t|^p) for all t ∈ R.

(f_5) There exist constants R > 0, θ > 2 such that 0 < θF (t) ≤ t f(t) for |t| ≥ R. (f_6) f^′(t) > f(t)/t for all t ≠ 0.

Theorem 2.2. Suppose (f_1) and (f_3) with ω > λ_2 hold or (f_1), (f_4) and (f_5) hold. Suppose moreover that f^′(0) < λ_2 and that the sign changing solutions are isolated. Then (D) has a sign changing solution u_1 which is neither a local minimum nor of mountain pass type. If in addition (f_6) holds then u_1 has precisely two nodal sets, it has Morse index 2 and its critical groups are like those of a nondegenerate critical point of Morse index 2.

Recall that the critical groups of an isolated critical point u_0 ∈ X of Φ with Φ(u_0) = c are defined by

C_k(Φ, u_0) := H_k(Φ^c, Φ^c \ {u_0}) for k ∈ Z.

Here H denotes singular homology with coefficients in a field F. The coefficients do not play a role in our arguments and F could be replaced by a module over a ring.

Theorem 2.3. Suppose (f_1) holds and there exists k ∈ N_0 with λ_k < f^′(0) < λ_{k+1}; here λ_0 := −∞. Suppose in addition that (f_3), or (f_4), (f_5) holds. In the case of (f_3) we also assume that there exists λ_l ≠ λ_k, l ≥ 1, with λ_l < ω < λ_{l+1}. Finally we assume that the sign changing solutions are isolated.

a) If k ≥ 1 then there exists a sign changing solution u_1 of (D) satisfying either Φ(u_1) > 0 and C_{k+1}(Φ, u_1) ≠ 0 or Φ(u_1) < 0 and C_{k−1}(Φ, u_1) ≠ 0. b) If (f_3) applies with l ≥ 2 then (D) has a sign changing solution u_1 with C_l(Φ, u_1) ≠ 0.

The nondegeneracy assumptions in the Theorem 2.3 can be removed using arguments as in [7] or [1]. Information on Morse indices of sign changing solutions can be used to derive new multiplicity results. Clearly one can combine theorems 2.1 or 2.2 with 2.3 in order to obtain the existence of two sign changing solutions in certain situations. We state one such result.

Corollary 2.4. Suppose (f_1), (f_3) and (f_6) hold with ω > λ_3. Then (D) has two sign changing solutions provided f^′(0) < λ_2. If f^′(0) < λ_1 then (D) has in addition a positive and a negative solution.

The corollary follows immediately from Theorems 2.2 and 2.3 if f^′(0) ≠ λ_1. Using in addition degree theory one can obtain more refined results. In the resonant case at 0 the proof of Theorem 2.3b) works also; cf. Theorem 4.4. A similar result for an ordinary differential equation can be found in [19]. Further multiplicity results can be found in [8], [9]; see also Remark 5.1.

We conclude this section by sketching an extension of our results to elliptic systems. In fact, even for equations the results sketched below are in parts more general than those stated so far.

Remark 2.5. We fix an integer p ≥ 1 and a map F : Ω × R^p → R of class C^2. Setting f(x, ξ) := ∇_ξF (x, ξ) we study the system { −ΔU(x) = f(x, U(x)) for x ∈ Ω; U(x) = 0 for x ∈ ∂Ω.

Our basic assumption is that the system is cooperative, that is, ∂^2_{ξiξj} F (x, ξ) ≥ 0 for i ≠ j, (x, ξ) ∈ Ω × R^p and ∂^2_{ξiξj} F (x(ξ), ξ) > 0 for all i ≠ j, all ξ ∈ R^p , and some x(ξ) ∈ Ω.

We also assume that

f(x, 0) = 0 for all x ∈ Ω.

The conditions on f^′(0) in Theorems 2.1 – 2.3 can be replaced by setting M_0(x) := D_ξf(x, 0) and by using the positive eigenvalues 0 < λ^0_1 < λ^0_2 ≤ . . . of the problem { ΔU(x) = λM_0(x)U(x) for x ∈ Ω;

U(x) = 0 for x ∈ ∂Ω;

cf. [8]. Then the condition f^′(0) > λ_k, or f^′(0) < λ_k, corresponds to λ^0_k < 1, or λ^0_k > 1, respectively.

Next we formulate conditions at infinity. Suppose there exists a matrix function M_∞(x) such that |f(x, ξ) − M_∞(x)ξ| = o(|ξ|) for |ξ| → ∞. Let 0 < λ^∞_1 < λ^∞_2 ≤ . . . be the positive eigenvalues of { −ΔU(x) = λM_∞(x)U(x) for x ∈ Ω;

U(x) = 0 for x ∈ ∂Ω.

We need to assume that

— M_∞(x) is weakly cooperative, that is, M_∞(x) = (m_{ij}(x))_{i,j=1,...,p} satisfies m_{ij}(x) ≥ 0 for all i ≠ j, x ∈ Ω;

— M_∞(x) is fully coupled, so the index set {1, . . . , p} is not the disjoint union of two nonempty subsets I, J such that m_{ij}(x) = 0 for i ∈ I, j ∈ J, x ∈ Ω; — m_{ii}(x) > 0 for some i ∈ {1, . . . , p}, some x ∈ Ω.

The first two of these assumptions are automatically satisfied if D_ξf(x, ξ) → M_∞(x) for |ξ| → ∞, since we assumed that the system is cooperative.

The system is nondegenerate at infinity if λ^∞_k ≠ 1 for all k. The Morse index at infinity is the largest k such that λ^∞_k < 1. In the resonant case λ^∞_k = 1 with eigenspace V = {U ∈ C^∞_0 (Ω, R^p ) : −ΔU(x) = M_∞(x)U(x) for x ∈ Ω} we need to assume the Landesmann-Lazer condition ∫ Ω ( F (x, U(x)) − 1 2 ⟨M_∞(x)U(x), U(x)⟩ ) dx → +∞ for U ∈ V, ‖U‖ → ∞ or ∫ Ω ( F (x, U(x)) − 1 2 ⟨M_∞(x)U(x), U(x)⟩ ) dx → −∞ for U ∈ V, ‖U‖ → ∞. With these modifications the aymptotically linear case goes through as before.

The superlinear behaviour at infinity generalizes in an obvious way. We assume |f(x, ξ)| ≤ a_1(1 + |ξ|^p) for some p < (N + 2)/(N − 2), some a_1 > 0, and 0 < θF (x, ξ) ≤ ⟨ξ, f(x, ξ)⟩Rp for some θ > 2 and all |ξ| large.

We leave the details of the generalization to systems to the interested reader. More information on positivity results for cooperative and fully coupled systems can be found in the papers [18] and [8].

3 Abstract critical point theory on partially ordered Hilbert spaces

We fix an infinite-dimensional Hilbert space E and a closed cone P_E ⊂ E : P_E = P_E is convex, R^+ · P_E ⊂ P_E, P_E ∩ (−P_E) = {0}. This induces a partial order on E given by u ≥ v :⇔ u − v ∈ P_E, u > v :⇔ u ≥ v and u ≠ v.

The elements of P_E are said to be non-negative, those of −P_E non-positive and those of E \ (P_E ∪ (−P_E)) sign changing. A map f : E → E is order preserving if u ≥ v ⇒ f(u) ≥ f(v) for all u, v ∈ E. In our application P_E has empty interior which causes some technical problems. However, there is a densely embedded Banach space X ⊂ E such that P := X ∩ P_E has nonempty interior^∘P in X. Elements of^∘P are called positive, those of −^∘P negative. We assume that there exists an element e ∈^∘P with ⟨u, e⟩ > 0 for all u ∈ P \ {0}. We write u ≫ v if u − v ∈^∘P . A map f : X → X is strongly order preserving if u > v ⇒ f(u) ≫ f(v) for all u, v ∈ X. Let Φ: E → R be a functional satisfying the hypotheses

(Φ_1) Φ ∈ C^2(E, R), Φ(0) = 0, Φ^′(0) = 0 and the Palais-Smale condition holds for Φ. Any critical point of Φ lies in X.

(Φ_2) The gradient of Φ is of the form ∇Φ = Id − K_E with K_E : E → E a compact nonlinear operator. In addition, K_E(X) ⊂ X and the restriction K := K_E|_X : X → X is of class C^1 and strongly order preserving.

(Φ_3) For a critical point u_0 of Φ any eigenvector of the Fréchet derivative DK_E(u_0) ∈ L(E) lies in X, the largest eigenvalue of DK_E(u_0) is simple and its eigenspace is spanned by a positive eigenvector.

With these assumptions the Morse index μ_0 and the nullity ν_0 of the trivial critical point 0 of Φ are finite. The eigenspace associated to σ(Φ^{′′}(0)) ∩ (−∞, 0) = σ(Id−DK_E(0))∩(−∞, 0) is a μ_0-dimensional subspace of X and ker Φ^{′′}(0) = ker (Id − DK_E(0)) is a ν_0-dimensional subspace of X. For our critical point theorems we need one more assumption on the behaviour of Φ at infinity.

(Φ_4) One of the following holds:

(i) Φ is bounded below.

(ii) For every u ∈ E − {0} we have Φ(tu) → −∞ as t → ∞. There exists a < 0 such that Φ(u) ≤ a implies Φ^′(u)u < 0.

(iii) There exists a compact self-adjoint linear operator A_E ∈ L(E) such that ∇Φ(u) = u − A_Eu + o(‖u‖_E) as ‖u‖_E → ∞. All eigenvectors of A_E lie in X, the largest eigenvalue is simple and its eigenspace is spanned by a positive eigenvector v_∞ ∈^∘P such that ⟨u, v_∞⟩ > 0 for every u ∈ P \ {0}. Moreover, the restriction A := A_E|_X is a bounded linear operator A ∈ L(X).

In case (i) from (Φ_4) the functional is necessarily coercive since we assumed the Palais-Smale condition; cf. [4]. In case (ii) Φ is anti-coercive. This case corresponds to superlinear nonlinearities in (D). In the last case (iii) Φ is asymptotically quadratic. We do allow the resonance ker (Id − A_E) ≠ 0. A typical condition which then implies the Palais-Smale condition is the Landesmann-Lazer condition: Φ(u) → ±∞ for u ∈ ker(Id − A_E), ‖u‖ → ∞. (LL_±)

Some other related conditions can be found in [16] and [1].

If N is a neighbourhood of an isolated critical point u_0 with Φ(u_0) = c then by excision we have for the critical groups of u_0:

C_k(Φ, u_0) ∼= H_k(Φ^c ∩ N, Φ^c ∩ N \ {u_0}).

Setting V := ker Φ^{′′}(u_0) the generalized Morse lemma yields a diffeomorphism h: N_0 → N from a neighbourhood N_0 of 0 in E to a neighbourhood N of u_0 in E and a C^1-function Ψ: N_0 ∩ V → R such that

Φ(h(v + w)) = Φ(u_0) + 1 2 ⟨Φ^{′′}(u_0)w, w⟩ + Ψ(v)

(3.1)

for v ∈ V , w ∈ V^⊥ with v + w ∈ N_0. We now collect some results which we need for further reference and whose proofs are based on the generalized Morse lemma.

Proposition 3.1. Let u_0 be an isolated critical point with Morse index μ = μ(Φ, u_0) and nullity ν = ν(Φ, u_0). Then

C_k(Φ, u_0) ∼= C_{k−μ}(Ψ, 0) for k ∈ Z

where Ψ is the function from the generalized Morse lemma. In particular, C_k(Φ, u_0) = 0 for k /∈ [μ, μ + ν]. Moreover, C_k(Φ, u_0) ∼= δ_{kμ}F if ν = 0.

This is the shifting lemma of Gromoll-Meyer [13]; proofs can also be found in [7] and [17]. The hypotheses (Φ_1) – (Φ_4) are not needed in the proof of Proposition 3.1. It suffices that Φ ∈ C^2(E, R) and Φ^{′′}(u_0) is a Fredholm operator of index 0. The next result is true for any Φ ∈ C^2(E, R) satisfying the Palais-Smale condition.

Proposition 3.2. Let u_0 be an isolated critical point of Φ. The following are equivalent:

(i) u_0 is a local minimum.

(ii) C_k(Φ, u_0) ∼= δ_{k0}F for all k ∈ Z.

(iii) C_0(Φ, u_0) ≠ 0.

Clearly we have (i) ⇒ (ii) ⇒ (iii). The implication (iii) ⇒ (i) is Theorem I.4.6 in [7].

Next we recall that a critical point u_0 is said to be of mountain pass type if for any small open neighbourhood N of u_0 the set Φ^c ∩N \{u_0}, c = Φ(u_0), is not path-connected; cf. [15].

Proposition 3.3. Let u_0 be an isolated critical point of Φ. The following are equivalent:

(i) u_0 is of mountain pass type.

(ii) C_k(Φ, u_0) ∼= δ_{k1}F for all k ∈ Z.

(iii) C_1(Φ, u_0) ≠ 0.

That (ii) and (iii) are equivalent follows from Theorem II.1.6 of [7], using hypothesis (Φ_3). The equivalence of (i) and (ii), (iii) will be proved in the next section. Similar results have been proved and used in [20]. The proof shows that Proposition 3.3 holds provided Φ ∈ C^2(E, R), Φ^{′′}(u_0) is Fredholm of index 0 and dim ker Φ^{′′}(u_0) = 1 if 0 ∈ σ(Φ^{′′}(u_0)).

Now we state our critical point theorems. For these (Φ_1) – (Φ_4) are needed. Let μ_0, ν_0 denote the Morse index and the nullity of 0, respectively. We define the Morse index μ_∞ and the nullity ν_∞ of infinity depending on which case applies in (Φ_4). In case (i) we set μ_∞ = 0 = ν_∞, in case (ii) we set μ_∞ := ∞, ν_∞ = 0. In case (iii) μ_∞ is the number of negative eigenvalues of Id − A_E (counted with multiplicities) and ν_∞ := dim ker(Id − A_E).

Theorem 3.4. If μ_0 ≥ 2 and μ_∞ + ν_∞ ≤ 1 then Φ has a critical point u_1 which changes sign. If all sign changing critical points with negative critical values are isolated then there exists a sign changing critical point of mountain pass type with negative critical value, hence C_k(Φ, u_1) ∼= δ_{k1}F.

Theorem 2.1 will be a consequence of this.

Theorem 3.5. If μ_0 ≥ 2 and there is a pair of sub- and super-solutions u ≪ 0 ≪ u for the equation dΦ(u) = 0, then the conclusion of Theorem 3.4 remains true.

Theorem 3.5 improves Theorem V.2 in [9]. The next result implies Theorem 2.2.

Theorem 3.6. If μ_∞ ≥ 2 and μ_0 + ν_0 ≤ 1 then Φ has a critical point u_1 which changes sign and Φ(u_1) > 0. If all sign changing solutions are isolated then there exists a sign changing solution u_1 with Φ(u_1) > 0, Morse index μ ∈ {1, 2} and C_0(Φ, u_1) = 0 = C_1(Φ, u_1), C_2(Φ, u_1) ≠ 0. In particular, u_1 is neither a local minimum nor of mountain pass type. If μ = 2 or the nullity ν ≤ 1 then C_k(Φ, u_1) ∼= δ_{k2}F holds for all k and hence u_2 looks homologically like a nondegenerate critical point of Morse index 2.

Remark 3.7. a) In the case μ = 2 one can perturb Φ arbitrarily small in the C^2-norm and only in a neigbourhood of u_1 so that the perturbed functional ~Φ has the same critical points as Φ with u_1 being a non-degenerate critical point of ~Φ. The sublevel sets of Φ and of ~Φ are diffeomorphic so that u_1 cannot be distinguished from a nondegenerate critical point.

b) If μ = 1 then ν ≥ 1. In the case ν = 1 the same remarks as in a) apply. If ν > 1 then the geometry of the sublevel sets may be more complicated and the rank of C_2(Φ, u_1) may be bigger than 1. If ν = 2 one can still prove that C_k(Φ, u_1) = 0 for k ≠ 2. If ν ≥ 3 then even this last statement need not hold. However, if rank C_k(Φ, u_1) > δ_{k2} for some k ≥ 2 then we can show that a second sign changing critical point exists.

c) The hypothesis that all sign changing critical points should be isolated can be weakened. In the proof we produce real numbers β > α > 0 such that Φ(u_1) ∈ [α, β]. It suffices to assume that all sign changing critical points with values in [α, β] are isolated.

Finally we state a critical point theorem which complements Theorems 3.4 and 3.6 and which we need in the proof of Theorem 2.3. For simplicity we only treat the nondegenerate case. An extension to a degenerate situation will be stated at the end of section 4 in Theorem 4.4.

Theorem 3.8. Suppose ν_0 = 0 = ν_∞, μ_∞ ≥ 1 and μ_0 ≠ μ_∞. Suppose moreover that all sign changing critical points are isolated.

a) If μ_0 ≥ 1 then Φ has a critical point u_1 which changes sign and satisfies either Φ(u_1) > 0 and C_{μ0+1}(Φ, u_1) ≠ 0 or Φ(u_1) < 0 and C_{μ0−1}(Φ, u_1) ≠ 0.

b) If (Φ_4) (iii) applies with μ_∞ ≥ 2 then Φ has a sign changing critical point u_1with C_μ1(Φ, u_1) ≠ 0.

4 Proof of the abstract results

Proof of 3.3. We first show that (i) implies (ii). Suppose u_0 is an isolated critical point of mountain pass type at level c. We set V := ker Φ^{′′}(u_0) and W := V^⊥ = W^+ ⊕ W^− where W^± is the generalized eigenspace of Φ^{′′}(u_0) corresponding to σ(Φ^{′′}(u_0)) ∩ R^± , respectively. Let μ := dim W^− be the Morse index and ν := dim V be the nullity of u_0. We first prove μ ≤ 1. The generalized Morse lemma yields a diffeomorphism h: N_0 → N from a neighbourhood N_0 of 0 in E to neighbourhood N of u_0 in E and a C^1-function Ψ: N_0 ∩ V → R such that

Φ(h(v + w)) = Φ(u_0) + 1 2 ⟨Φ^{′′}(u_0)w, w⟩ + Ψ(v)

for v + w ∈ N_0, v ∈ V , w ∈ W . Thus Φ^c ∩ N = {h(v + w) : ⟨Φ^{′′}(u_0)w, w⟩ ≤ −2Ψ(v)} ∼= {v + w ∈ N_0 : ⟨Φ^{′′}(u_0)w, w⟩ ≤ −2Ψ(v)}. We choose ε, δ > 0 with B_εV × B_δW ⊂ N_0 and such that |⟨Φ^{′′}(u_0)w, w⟩| > 2 sup_{v∈BεV} |Ψ(v)| for w ∈ W^−, ‖w‖ = δ. (4.1)

Given v +w ∈ B_εV ×B_δW with Φ(h(v +w)) ≤ c and v +w ≠ 0 we connect it along the path p(t) := v + w^− + (1 − t)w^+ to p(1) = v + w^− ∈ B_εV × B_δW^−. Observe that Φ(h(p(t))) ≤ c for all t ∈ [0, 1] and p(t) ∈ N_0 \ {0} for all t ∈ [0, 1]. Assume now dim W^− > 1. We shall show that the set A = Φ^c ∩ h(B_εV × B_δW ) \ {u_0} is path connected. If w^− = 0 we choose w^−_1 ∈ W^−, ‖w^−_1 ‖ = δ, arbitrarily. If w^− ≠ 0 we set w^−_1 := δw^−/‖w^−‖. Now p(1) is connected to p(2) := v + w^−_1 along the path p(t) := v + (2 − t)w^− + (t − 1)w^−_1 for t ∈ [1, 2]. Again Φ(h(p(t))) ≤ c and p(t) ∈ N_0 \ {0} for all t ∈ [1, 2]. Setting p(t) := (3 − t)v + w^−_1 for t ∈ [2, 3] we connect p(2) to p(3) = w^−_1 . Clearly p(t) ∈ N_0 \ {0} and by (4.1) we have Φ(h(p(t))) ≤ c for t ∈ [2, 3]. This shows that every u ∈ A can be connected by a path within A to a point in h({0} × ∂B_δW^−) ⊂ A. Hence, A is path-connected if dim W^− > 1. However, since u_0 is a mountain pass point A is not path-connected. This contradiction implies μ = dim W^− ≤ 1.

Now we prove (i) implies (ii) in Proposition 3.3. In case μ = 0 hypothesis (Φ_3) implies ν = 1, hence V ∼= R. Since u_0 is isolated Ψ does not change sign on (−ε, 0) nor on (0, ε). From Φ^c ∩ h(B_εV × B_δW ) \ {u_0} not being connected it follows that Ψ(v) < 0 for 0 < |v| < ε. This implies C_k(Φ, u_0) ∼= C_k(Ψ, 0) ∼= δ_{k1}F as required. In case μ = 1 we have C_k(Φ, u_0) ∼= C_{k−1}(Ψ, 0).

If C_0(Ψ, 0) ≠ 0 then Proposition 3.2 yields C_k(Φ, u_0) ∼= C_{k−1}(Ψ, 0) ∼= δ_{k1}F, and we are done. Suppose now C_0(Ψ, 0) = 0. Arguing as above we find ε, δ > 0 with B_εV × B_δW ⊂ N_0 and such that every point u ∈ A = Φ^c ∩ h(B_εV × B_δW ) \ {u_0} can be connected within A to a point h(w^−_1 ) with w^−_1 ∈ W^−, ‖w^−_1 ‖ = δ. Now C_0(Ψ, 0) = 0 implies that there exists a path p: [0, 1] → Ψ^0 ∩B_εV with p(0) = 0 and p(1) ≠ 0. Thus the path h(p(t)+w^−_1 ) deforms h(w^−_1 ) to h(p(1) + w^−_1 ) within A. Using the path h(p(1) + (1 − t)w^−_1 ) we connect h(p(1)+w^−_1 ) to h(p(1)) within A because Ψ(p(1)) ≤ 0. Thus every point in A can be connected within A to h(p(1)), so A is path connected. This is a contradiction to u_0 being of mountain pass type. We have proved (i) implies (ii) in 3.3.

Next we show (ii) implies (i). Since C_1(Φ, u_0) ≠ 0 the shifting lemma implies μ ≤ 1. If μ = 0 then ν = 1 by (Φ_3). Using the generalized Morse Lemma again we first see that C_1(Ψ, 0) = C_1(Φ, u_0) ≠ 0 implies Ψ(v) < 0 for 0 < |v| ≤ ε, ε > 0 small. It follows immediately that h(B_εV × {0}) \ {u_0} ⊂ Φ^c ∩ h(B_εV × B_δW ) \ {u_0} ⊂ h((B_εV \ {0}) × B_δW ) Hence, if U ⊂ h(B_εV × B_δW ) is a neighbourhood of u_0 then Φ^c ∩ U \ {u_0} cannot be connected.

In case μ = 1 it follows from C_0(Ψ, 0) ∼= C_1(Φ, u_0) ≠ 0 that 0 is a strict local minimum of Ψ. The generalized Morse lemma then implies h({0} × B_δW^−) \ {u_0} ⊂ Φ^c ∩ h(B_εV × B_δW ) \ {u_0} ⊂ Φ^c ∩ h(B_εV × (B_δW \ B_δW^+))

and we conclude as above.

As in [2] we restrict the negative gradient flow of Φ on E to X and obtain a continuous flow φ^t on X. By construction Φ(φ^t(u)) is strictly decreasing in t if u is not a critical point of Φ. Setting D := P = ∪(−P ) and Ḋ := D \ {0} we have by Lemma 3.1 of [BW]

φ^t(v) ∈^∘D =^∘P ∪ (−^∘P ) for all v ∈ Ḋ, t > 0.

(4.2)

This is the main order related property of φ^t which we need.

Proof of 3.4. For γ ∈ R let j_γ : H_1(X, Ḋ) → H_1(X, Φ^γ ∪Ḋ) be the homomorphism induced by the inclusion (X, Ḋ) → (X, Φ^γ ∪ Ḋ) on the first homology level. Since X is contractible and Ḋ homotopy equivalent to a two point space we get H_1(X, Ḋ) ∼= F. Now consider Γ := {γ ∈ R : j_γ ≠ 0} and c := sup Γ.

Lemma 4.1. Γ ≠ ∅ Proof of 4.1. Since μ_∞ + ν_∞ ≤ 1 we have that (Φ_4) (i) or (iii) applies. In case (i) we set v_∞ := e ∈^∘P , in case (iii) we take v_∞ ∈^∘P as the positive eigenvector of Id − A with ‖v_∞‖ = 1 belonging to the largest eigenvalue of A. With X_1 := X ∩ ⟨v_∞⟩^⊥ we see that Φ is bounded below on X_1. For γ < inf Φ(X_1) we have the inclusions (X, Ḋ)^j→ (X, Φ^γ ∪ Ḋ)^i→ (X, X \ X_1). Clearly, j ∘ i is a homotopy equivalence which implies γ ∈ Γ. Lemma 4.2. c < 0 Proof of 4.2. Since μ_0 ≥ 2 the two smallest eigenvalues λ_1 < λ_2 of Φ^{′′}(0) are negative. Let e_1 and e_2 be normalized eigenvectors of Φ^{′′}(0) belonging to λ_1 and λ_2, respectively. By (Φ_3) we have e_1 ∈^∘D. Let S_ρ be the sphere of radius ρ in span {e_1, e_2}. For ρ > 0 small we have max Φ(S_ρ) < 0. We claim that γ /∈ Γ for every γ ≥ max Φ(S_ρ), every ρ > 0. If γ ≥ max Φ(S_ρ) we have (X, S_ρ ∪Ḋ) ⊂ (X, Φ^γ ∪Ḋ). Therefore it suffices to show that H_1(X, S_ρ ∪Ḋ) ∼= 0. This is an immediate consequence of the long exact sequence of the pair (X, S_ρ ∪ Ḋ) and the facts that H_1(X) = 0 and H_0(S_ρ ∪ Ḋ) → H_0(X) is an isomorphism since Ḋ ∪ S_ρ is path connected.

Now a standard deformation argument yields that c is a critical value. Suppose there are only finitely many sign changing critical points u_1, . . . , u_r of Φ at the level c. Then we choose δ > 0 and neighbourhoods N_i ⊂ X \ D of u_i with the following properties:

(i) N_i ∩ N_j = ∅ for i ≠ j;

(ii) u_i is the only critical point of Φ in N_i; (iii) Φ^{c−δ} ∪ N_i is positively invariant under φ^t; (iv) there exists T ≥ 0 with φ^T (Φ^{c+δ}) ⊂ Φ^{c−δ} ∪ N_1 ∪ · · · ∪ N_r. Since c + δ /∈ Γ and c − δ ∈ Γ the long exact sequence of the triple (X, Φ^{c+δ} ∪ Ḋ, Φc−δ ∪ Ḋ) yields H_1(Φc+δ ∪ Ḋ, Φc−δ ∪ Ḋ) ≠ 0: H_1(X, Ḋ) ≠ 0 ↘ 0 H_1(Φ^{c+δ} ∪ Ḋ, Φ^{c−δ} ∪ Ḋ) −→ H_1(X, Φ^{c−δ} ∪ Ḋ) −→ H_1(X, Φ^{c+δ} ∪ Ḋ)

Setting N := N_1 ∪ · · · ∪ N_r properties (iii) and (iv) imply that Φ^{c−δ} ∪ N ∪ Ḋ is a strong deformation retract of Φ^{c+δ} ∪ Ḋ, hence H_1(Φ^{c−δ} ∪ N ∪ Ḋ, Φ^{c−δ} ∪ Ḋ) ∼= H_1(Φ^{c+δ} ∪ Ḋ, Φ^{c−δ} ∪ Ḋ). The excision property of homology implies H_1(N, N ∩ Φ^{c−δ}) ∼= H_1(Φ^{c−δ} ∪ N, Φ^{c−δ}) ∼= H_1(Φ^{c−δ} ∪ N ∪ Ḋ, Φ^{c−δ} ∪ Ḋ). Now properties (i) and (ii) yield H_1(N, N ∩ Φ^{c−δ}) ∼= r⨁ i=1 H_1(N_i, N_i ∩ Φ^{c−δ}) ∼= r⨁ i=1 C_1(Φ, u_i).

It follows that there exists i ∈ {1, . . . , r} with C_1(Φ, u_i) ≠ 0. By Proposition 3.3 u_i is of mountain pass type and C_k(Φ, u_i) ∼= δ_{k1}F. Proof of 3.5. The proof proceeds as the one of 3.4. We simply replace X and Ḋ by the order interval [u, u] and [u, u] ∩ Ḋ, respectively.

Proof of 3.6. Since μ_∞ ≥ 2 either (Φ_4) (ii) or (iii) applies. In both cases there exists v_∞ ∈^∘P and w_∞⊥v_∞ with ‖v_∞‖, ‖w_∞‖ = 1 and such that Φ(u) < 0 for any u ∈ span {v_∞, w_∞} with ‖u‖ ≥ R, where R > 0 is large. Now we set B := {sv_∞ + tw_∞ : |s| ≤ R, 0 ≤ t ≤ R} and ∂B := {sv_∞ + tw_∞ ∈ B : |s| = R or t ∈ {0, R}}. By construction we have ∂B ⊂ Φ^0 ∪ D. Let β := max Φ(B) so that (B, ∂B) → (Φ^β ∪ D, Φ^0 ∪ D). Let ξ_β ∈ H_2(Φ^β ∪ D, Φ^0 ∪ D) be the image of 1 ∈ F ∼= H_2(B, ∂B) under the homomorphism

F^∼= H_2(B, ∂B) → H_2(Φ^β ∪ D, Φ^0 ∪ D)

induced by the inclusion. For γ ≤ β let j_γ : H_2(Φ^γ ∪ D, Φ^0 ∪ D) → H_2(Φ^β ∪ D, Φ^0 ∪ D) be also induced by the inclusion. Now we define Γ := {γ ≤ β : ξ_β ∈ image (j_γ )} and c := inf Γ.

Lemma 4.3. ξ_β ≠ 0 Proof. Let e_1 ∈^∘P be the first eigenvector of Φ^{′′}(0) and set X_1 := span {e_1}, X_2 := X^⊥_1 ∩ X. Since μ_0 + ν_0 ≤ 1 we obtain inf Φ(S_ρX_2) ≥ α > 0 for some ρ > 0 small. This implies (B, ∂B) ⊂ (Φ^β ∪ D, Φ^0 ∪ D) ⊂ (X, X \ S_ρX_2). Therefore it suffices to show that the homomorphism H_2(B, ∂B) → H_2(X, X \ S_ρX_2) induced by the inclusion is not 0. Choose w_0 ∈ X_2 with ‖w_0‖ = 1 arbitrarily and set B_0 := {sv_∞ + tw_0 : |s| ≤ R, 0 ≤ t ≤ R}. Rotating w_∞ into w_0 we may deform (B, ∂B) into (B_0, ∂B_0) within (X, X \ S_ρX_2). Therefore it suffices to show that H_2(B_0, ∂B_0) → H_2(X, X \ S_ρX_2) is not 0.

Setting B_1 := {se_1 + tw_0 : |s| ≤ R, 0 ≤ t ≤ R} the rotation from v_∞ to e_1 inside^∘P deforms (B_0, ∂B_0) into (B_1, ∂B_1) within (X, X \ S_ρX_2). Thus we have to show that H_2(B_1, ∂B_1) → H_2(X, X \ S_ρX_2) is not 0. In order to see this we define C_1 := {se_1 + tw_0 ∈ B_1 : |s| ≤ R, t = 0, R} ⊂ ∂B_1 and C_2 := {se_1 + tw_0 ∈ B_1 : |s| = R, 0 ≤ t ≤ R} ⊂ ∂B_1 so that ∂B_1 = C_1 ∪ C_2 and the inclusion (C_1, C_1 ∩ C_2) → (∂B_1, C_2) is an excision. Similarly, we define A_1 := X_1 × (X_2 \ S_ρX_2) and A_2 := (X_1 \ {0}) × X_2 so that X \S_ρX_2 = A_1 ∪A_2 and the inclusion (A_1, A_1 ∩A_2) → (X \S_ρX_2, A_2) is an excision.

Next we consider the commutative diagram

H_2(B_1, C_2) → H_2(B_1, ∂B_1)^∂→ H_1(∂B_1, C_2) i_1 i_2 H_2(X, X \ S_ρX_2) → H_1(X \ S_ρX_2, A_2)

The top row is exact as a part from the long exact sequence of the triple (B_1, ∂B_1, C_2). Using H_2(B_1, C_2) ∼= H_1(C_2) = 0 we see that i_1 ≠ 0 follows from i_2 being injective. Using the excision isomophisms i_2 is injective if, and only if, i_3 : H_1(C_1, C_1 ∩ C_2) → H_1(A_1, A_1 ∩ A_2) is injective. This is an immediate consequence of the 5-lemma because the inclusions C_1 → A_1 and C_1 ∩ C_2 → A_1 ∩ A_2 are homotopy equivalences, hence they induce isomorphisms on homology level. Therefore, i_3 is even an isomorphism.

As a consequence of Lemma 4.3 we have 0 /∈ Γ because j_0 = 0. Clearly β ∈ Γ, hence c ∈ [0, β]. Morover, since μ_0 +ν_0 ≤ 1 the sign changing solutions cannot accumulate at 0. Assuming that the sign changing solutions are isolated we see that there can only be finitely many sign changing solutions with values in [0, β]. This implies that Φ^0 ∪ D is a strong deformation retract of Φ^γ ∪ D for γ > 0 small enough, and consequently c > 0. Let u_1, . . . , u_r be all sign changing critical points at the level c ∈ (0, β]. We choose δ > 0 and neighbourhoods N_i of u_i, i = 1, . . . , r, as in the proof of Theorem 3.4.

Consider the commutative diagram

H_2(Φ^{c−δ} ∪ D, Φ^0 ∪ D)^j→ H_2(Φ^{c+δ} ∪ D, Φ^0 ∪ D) → H_2(Φ^{c+δ} ∪ D, Φ^{c−δ} ∪ D) j_{c−δ} ↘ j_{c+δ} H_2(Φ^β ∪ D, Φ^0 ∪ D)

Since c + δ ∈ Γ there exists ξ_{c+δ} ∈ H_2(Φ^{c+δ} ∪ D, Φ^0 ∪ D) with j_{c+δ}(ξ_{c+δ}) = ξ_β. Now ξ_{c+δ} cannot lie in the image of j because c − δ /∈ Γ, that is, ξ_β /∈ image (j_{c−δ}). Therefore the exactness of the top row yields H_2(Φ^{c+δ} ∪ D, Φ^{c−δ}∪D) ≠ 0. As in the proof of Theorem 3.4 this implies that C_2(Φ, u_i) ≠ 0 for some i ∈ {1, . . . , r}. This is the required sign changing solution which is neither a local minimum nor of mountain pass type.

In case μ = 2 the shifting theorem yields

C_k(Φ, u_i) ∼= C_{k−2}(Ψ, 0) for all k

where Ψ is defined in a neighbourhood of 0 in ker D^2Φ(u_i). Thus C_0(Ψ, 0) ≠ 0, so 0 is a local minimum of Ψ according to Proposition 3.2 and moreover, C_k(Ψ, 0) ∼= δ_{k0}F. Hence we obtain C_k(Φ, u_i) ∼= δ_{k2}F for all k.

Next we suppose μ ≤ 1 and ν = ν(Φ, u_i) ≤ 1, hence μ = 1 and ν = 1 because C_2(Φ, u_i) ≠ 0. Then we have C_k(Φ, u_i) ∼= C_{k−1}(Ψ, 0) again by the shifting theorem. This implies C_1(Ψ, 0) ≠ 0, hence Ψ is a local maximum of Ψ. From this we deduce C_k(Ψ, 0) ∼= δ_{k1}F, hence C_k(Φ, u_i) ∼= δ_{k2}F, as claimed.

Proof of 3.8 a). By theorems 3.4 and 3.6 we only need to consider the case μ_0 ≥ 2 and μ_∞ ≥ 2. Using excision and the fact that 0 is a nondegenerate critical point we obtain for ε > 0 small H_{μ0} (Φ^ε ∪ Ḋ, Φ^{−ε} ∪ Ḋ) ∼= H_{μ0} (Φ^ε, Φ^{−ε}) ≠ 0

(4.3) It is not difficult to see (cf. [2] and [9]) that for α > 0 large H_∗(X, Φ^{−α} ∪ Ḋ) ∼= H_∗(X, Φ^{−α}) ∼= δ_{∗μ}1 · F (4.4) This uses μ_∞ ≥ 1 and ν_∞ = 0. We fix such a small ε and such a large α. Consider the following diagram:

H_{μ0+1}(X, Φ^ε ∪ Ḋ)^∂→ H_{μ0} (Φ^ε ∪ Ḋ, Φ^{−α} ∪ Ḋ) → H_{μo} (X, Φ^{−α} ∪ Ḋ) ↓ j H_{μ0} (Φ^ε ∪ Ḋ, Φ^{−ε} ∪ Ḋ) ↓ H_{μ0−1}(Φ^{−ε} ∪ Ḋ, Φ^{−α} ∪ Ḋ) Since the vertical maps are part of the long exact sequence of the triple (Φ^ε ∪Ḋ, Φ^{−ε} ∪Ḋ, Φ^{−α} ∪Ḋ) it follows from (4.3) that H_{μ0} (Φ^ε ∪Ḋ, Φ^{−α} ∪Ḋ) ≠ 0 or H_{μ0−1}(Φ^{−ε} ∪Ḋ, Φ^{−α} ∪Ḋ) ≠ 0. In the former case we deduce H_{μ0+1}(X, Φ^ε ∪ Ḋ) ≠ 0 because H_{μ0} (X, Φ−α ∪ Ḋ) = 0 by (4.4) and because the top row in the diagram is part of the exact sequence of the triple (X, Φ^ε ∪ Ḋ, Φ^{−α} ∪ Ḋ). Case 1: H_{μ0+1}(X, Φ^ε ∪ Ḋ) ≠ 0 We choose a nontrivial element ξ ∈ H_{μ0+1}(X, Φ^ε ∪ Ḋ). For γ ≥ ε let j_γ : H_{μ0+1}(X, Φ^ε ∪ Ḋ) → H_{μ0+1}(X, Φ^γ ∪ Ḋ) be the homomorphism induced by the corresponding inclusion. Now we consider the set Γ := {γ ≥ ε : j_γ (ξ) ≠ 0} and define c := sup Γ. First we observe that c < ∞. Namely, if σ is a singular chain representing ξ then the carrier |σ| ⊂ X of σ is compact and contained in Φ^γ for γ ≥ max Φ(|σ|). Hence j_γ (ξ) = 0 for γ ≥ max Φ(|σ|) and c < max Φ(|σ|) < ∞. Thus c ∈ [ε, ∞) and we may proceed as before in order to obtain a sign changing critical point u_1 of Φ with Φ(u_1) = c and C_{μ0+1}(Φ, u_1) ≠ 0.

Case 2: H_{μ0−1}(Φ^{−ε} ∪ Ḋ, Φ^{−α} ∪ Ḋ) ≠ 0 Here we consider Γ := {γ ∈ [−α, −ε] : H_{μ0−1}(Φ^γ ∪ Ḋ, Φ^{−α} ∪ Ḋ) = 0} and c := sup Γ ∈ [−α, −ε]. It is easy to see that Φ has a sign changing critical point u_1 on the level c with C_{μ0−1}(Φ, u_1) ≠ 0.

Proof of 3.8 b). Consider α > 0 as in (4.4) and define

Γ := {γ ≥ −α : H_μ1(Φ^γ ∪ Ḋ, Φ^{−α} ∪ Ḋ) ≠ 0}

In order to see that Γ ≠ ∅ choose a nontrivial element ξ ∈ H_μ1(X, Φ^{−α} ∪ Ḋ) which exists by (4.4). If σ is a singular chain representing ξ and if γ ≥ max Φ(|σ|) then ξ comes from H_μ1(Φ^γ ∪ Ḋ, Φ^{−α} ∪ Ḋ). This implies [max Φ(|σ|), ∞) ⊂ Γ. Thus c := inf Γ ∈ [−α, ∞) is finite. As before, Φ has a critical point u_1 with C_μ1(Φ, u_1) ≠ 0 and u_1 ∈ X \ Ḋ. Since C_μ1(Φ, 0) = 0 we have u_1 ≠ 0, so u_1 changes sign.

Theorem 3.8 may be extended to the degenerate situation where the nullities ν_0 and ν_∞ may be nontrivial, provided a Landesmann-Lazer condition holds. Let us state just one result in this direction.

Theorem 4.4. Suppose Φ satisfies (Φ_4) (iii) and (LL)_−. If 2 ≤ μ_∞ + ν_∞ /∈ [μ_0, μ_0+ν_0] then Φ has a sign changing critical point u_1 with C_μ1_{+ν}1(Φ, u_1) ≠ 0, provided the sign changing critical points are isolated.

The proof is left to the interested reader; cf. [1] and [7] for related results (without the sign changing conclusion). From Theorem 4.4 one can also deduce Theorem 3.4, provided the Landesmann-Lazer condition holds in the degenerate case in 3.4

5 Proof of the results for (D)

The natural variational setting is to consider

Φ(u) = 1 2 ∫ Ω |∇u|^2 dx − ∫ Ω F (u) dx for u ∈ E = H^1_0 (Ω) and to use the norm ∫ Ω |∇u|^2 dx. However, under the conditions of the theorems 2.1 and 2.2, Φ may not satisfy the smoothness condition in (Φ_1) and it also may not satisfy the order preserving condition in (Φ_2). In order to overcome these problems we shall modify Φ in a proper way with respect to different problems. Let us start with the proof of Theorem 2.1.

Proof of 2.1. In [14], Proof of Theorem 8, it is shown that in the case (f_2) there exists a C^1-modification f̃ of f satisfying

— f̃(0) = 0,

— lim sup_{|t|→∞} f̃(t)/t < λ_1,

— f̃^′(0) > λ_2,

and in addition

— |f̃^′(t)| < a for all t ∈ R and some a > 0.

Moreover, solutions of (D) are precisely the solutions of the modified Dirichlet problem { −Δu = f̃(u) in Ω u = 0 on ∂Ω.

Thus we may assume that |f^′(t)| < a in addition to (f_2). If (f_3) holds then f^′(t) is bounded anyway. We fix a > 0 with |f^′(t)| < a for all t ∈ R.

Now we use the following equivalent norm on E:

‖u‖^2_E := ∫ Ω (|∇u|^2 + au^2) dx. The ordering on E is given by the closed cone P_E := {u ∈ E : u ≥ 0 a.e. in Ω}. Let X be the Banach space C^1_0 (Ω) with the usual norm. It is well known that X is dense in E and that P := X ∩ P_E = {u ∈ X : u ≥ 0} has nonempty interior^∘P . The element e ∈^∘P such that ⟨u, e⟩ > 0 for all u ∈ P \ {0} is the unique normalized positive eigenfunction of −Δ on Ω with homogeneous Dirichlet boundary condition.

Clearly we have

Φ(u) = 1 2 ∫ Ω (|∇u|^2 + au^2) dx − ∫ Ω G(u) dx for u ∈ E where g(t) = f(t) + at, G(t) = ∫_t 0 g(s) ds. Then it is easy to check that Φ ∈ C^2(E, R). The Palais-Smale condition is satisfied by Φ in case of (f_2) because then Φ is coercive and ∇Φ is a compact perturbation of the identity. If (f_3) holds with ω ≠ λ_k the Palais-Smale condition can be deduced similarly (cf. [7]). If ω = λ_k, we can also refer to [7] for the Palais-Smale condition because the Landesman-Lazer condition is satisfied. It follows from standard regularity theory that critical points of Φ lie in X. Thus (Φ_1) from section 3 is satisfied. Since g^′(t) > 0 it follows that Φ satisfies (Φ_2) and (Φ_3). Morover, if (f_2) holds we see that (Φ_4)(i) is satisfied, and if (f_3) holds with ω ∈ (λ_1, λ_2) we see that (Φ_4)(iii) is satisfied. Since f^′(0) > λ_2, the Morse index μ_0 of Φ at 0 is at least 2. In case (f_2) holds, we have μ_∞ = 0 = ν_∞. If (f_3) holds, (μ_∞, ν_∞) is (0, 0), or (0, 1), or (1, 0). Thus μ_∞ + ν_∞ ≤ 1 is verified. Applying Theorem 3.4 we obtain Theorem 2.1.

Proof of 2.2. To prove 2.2 in the superlinear case we also need to modify the nonlinearity f such that we can get Φ to satisfy (Φ_1) and (Φ_2). In the asymptotically linear case, no modification is needed because then f^′(t) is bounded. In the following we only give the proof in the superlinear case and leave the simpler verification of the assumptions of Theorem 3.6 for the asymptotically linear case to the reader.

We want to show that Φ has a sign changing critical point u such that C_0(Φ, u) = C_1(Φ, u) = 0 and C_2(Φ, u) ≠ 0. If in addition (f_6) holds, we also want to show

C_k(Φ, u) ∼= δ_{k2}F for k ∈ Z.

First it is easy to see that by (f_5) there exists C > 0 such that F (u) ≥ C|u|^μ for |u| ≥ R. (5.1)

Next we claim that there exists A > 0 and R_n → ∞ such that

0 ≤ lim inf n→∞ f^′(R_n) |R_n|^{p−1} ≤ lim sup n→∞ f^′(R_n) |R_n|^{p−1} ≤ A. (5.2)

If the claim is not true, then either lim_{R→∞} f^′(R) |R|^{p−1} = +∞

(5.3) or lim sup R→∞ f^′(R) |R|^{p−1} < 0 (5.4)

If (5.4) holds we get a contradiction with (5.1). And if (5.3) holds we get a contradiction with (f_4). Similarly, there exists a sequence r_n → +∞, such that 0 ≤ lim inf n→∞ f^′(−r_n) |r_n|^{p−1} ≤ lim sup n→∞ f^′(−r_n) |r_n|^{p−1} ≤ A. (5.5)

Define

f_n(t) = f(t) −r_n ≤ t ≤ R_n f(R_n) + f^′(R_n)(t − R_n) + |t − R_n|^{p−1}(t − R_n) t ≥ R_n f(−r_n) + f^′(−r_n)(t + r_n) + |t + r_n|^{p−1}(t + r_n) t ≤ −r_n where 1 < p <^{N+2}_{N−2} is from (f_4). Observe that p ≥ μ by (5.1). Because of (5.2) and (5.5) we have |f_n(t)| ≤ a_0(1 + |t|^p)

(5.6) and μF_n(t) ≤ f_n(t)t for |t| ≥ R (5.7) uniformly satisfied for all n. There also exists a_n > 0 such that |f^′_n(t)| ≤ a_n(1 + |t|^{p−1}) for every t ∈ R

(5.8) and f^′_n(t) > −a_n for every t ∈ R.

(5.9) Next, for each n we use an equivalent norm on E given by ‖u‖^2_{En} = ∫ Ω (|∇u|^2 + a_nu^2) dx and we write E_n for the space E with this norm. Now we define g_n(t) = f_n(t) + a_nt, G_n(t) = ∫_t 0 g_n(s) ds and Φ_n(u) = 1 2 ∫ Ω (|∇u|^2 + a_nu^2) dx − ∫ Ω G_n(u) dx Then Φ_n ∈ C^2(E_n, R) by (5.8). It is easy to check using (5.6) and (5.7) that Φ_n satisfies the Palais-Smale condition on E_n. Thus (Φ_1) is satisfied. Also it is easy to see that (Φ_2) and (Φ_3) are satisfied. With (5.7) uniformly satisfied for all n, we also get that for each u ∈ E \ {0} there exists T (u) > 0 such that

Φ_n(tu) < 0 for t > T (u)

and there exists a < 0 such that Φ_n(u) ≤ a implies Φ^′_n(u)u < 0. These are all independent of n. Therefore we may apply Theorem 3.6 to Φ_n. Moreover, in checking the proof of Theorem 3.6, we see the critical value c_n is bounded above by

β_n = max Φ_n(B_n)

where B_n = {sv_∞ + tw_∞ : |s| ≤ T_n, 0 ≤ t ≤ T_n} for some T_n > 0 such that

Φ_n(u) < 0 for all u ∈ span{v_∞, w_∞} with ‖u‖_{En} ≥ T_n

where v_∞, w_∞ are normalized eigenfunctions corresponding to the first and the second eigenvalues. From the analysis above we see that we can choose T_0 > 0 independent of n such that

Φ_n(u) < 0 for u ∈ span{v_∞, w_∞} with ‖u‖_{En} ≥ T_0.

Therefore we may choose a fixed B_0 such that

c_n ≤ β_0 = max Φ_n(B_0).

Thus c_n is uniformly bounded. Next we observe that

c_n = Φ_n(u_n) − 1 μ Φ^′_n(u_n)u_n = ( 1 2 − 1 μ ) ∫ Ω (|∇u_n|^2 + a_nu^2_n) dx − ∫ Ω ( G_n(u_n) − 1 μ g_n(u_n)u_n ) dx = ( 1 2 − 1 μ ) ‖u_n‖^2_{En} − ∫ Ω ( F_n(u_n) − 1 μ f_n(u_n)u_n ) dx ≥ ( 1 2 − 1 μ ) ‖u_n‖^2 − C where C > 0 is independent of n because of (5.7). Therefore u_n is bounded in E. Then by (5.6), equation (D), and standard elliptic estimates we get

‖u_n‖_C1_{0 (Ω)} ≤ C independent of n. Thus for n large, u_n is a solution of the original problem (D), a sign-changing solution. We fix n large enough and write u_n = u. We denote the restriction of Φ and Φ_n to C^1_0 (Ω) by Φ̃ and Φ̃_n, respectively. By a Theorem from [7] we have for k = 0, 1:

0 = C_k(Φ_n, u) = C_k(Φ̃_n, u) = C_k(Φ̃, u) = C_k(Φ, u) and 0 ≠ C_2(Φ_n, u) = C_2(Φ, u).

If in addition (f_6) is satisfied, we also get

C_k(Φ, u) = C_k(Φ_n, u) = δ_{q2}F

because now a sign changing solution has Morse index μ ≥ 2. Combining this with the fact μ ≤ 2 we conclude μ = 2.

Proof of 2.3. This is a direct consequence of Theorem 3.8.

Remark 5.1. In case (f_2) of Theorem 2.1 we can as usual construct a positive and a negative solution which are both local mimimizers of the functional. Some order relation between these solutions and the sign changing solution is also given in our early paper [2] in this case. If f^′(0) is not an eigenvalue, one can get a fourth nontrivial solution using either degree theory or Morse theory. Similarly, in Theorem 2.2 with f^′(0) < λ_1 we can obtain as usual a positive and a negative solution of mountain pass type; cf. [2].

References

[1] Bartsch, T. and Li, S.-J.: Critical point theory for asymptotically quadratic functionals and applications to problems with resonance. Nonlin. Anal., Theory, Math. & Appl. 28, 419–441 (1997)

[2] Bartsch, T. and Wang, Z.-Q.: On the existence of sign changing solutions for semilinear Dirichlet problems. Top. Meth. in Nonlin. Anal. 7, 115– 131 (1996)

[3] Benci, V. and Fortunato, D.: A remark on the nodal regions of the solutions of some superlinear elliptic equations. In: Proc. R. Soc. Edinb. (Sect. A), vol. 111, pp. 123–128 (1989)

[4] Caklovic, L., Li, S.-J., and Willem, M.: A note on Palais-Smale condition and coercivity. Differ. Interal Eqn. 3, 799–800 (1990)

[5] Castro, A., Cossio, J., and Neuberger, J.: Sign changing solutions for a superlinear Dirichlet problem. Rocky Mountain J. Math. 27, 1041–1053 (1997)

[6] Castro, A., Cossio, J., and Neuberger, J.: A minimax principle, index of the critical point, and existence of sign-changing solutions to elliptic boundary value problems. E. J. Diff. Eqn. 1998, 1–18 (1998)

[7] Chang, K.-C.: Infinite Dimensional Morse Theory and Multiple Solution Problems, vol. 6 of Progr. Nonlin. Diff Eq. Appl. Boston: Birkhäuser 1993

[8] Chang, K.-C.: An extension of the Hess-Kato theorem to elliptic systems and applications to multiple solution problems. Peking Univ. Preprint

[9] Chang, K.-C.: Morse theory in nonlinear anaysis. In: A. Ambrosetti K.Ch. Chang, I.E. (ed.), Proc. of Second School of Nonlinear Functional Analysis and Applications to Differential Equations, World Scientific (1998)

[10] Courant, R. and Hilbert, D.: Methoden der Mathematischen Physik I.

Berlin: Springer 1924

[11] Dancer, E. and Du, Y.: Multiple solutions of some semilinear elliptic equations via the generalized Conley index. J. Math. Anal. Appl. 189, 848–871 (1995)

[12] Dancer, E. and Du, Y.: A note on multiple solutions of some seminlinear elliptic problems. J. Math. Anal. Appl. 211, 626–640 (1997)

[13] Gromoll, D. and Meyer, W.: On differentiable functions with isolated critical points. Topology 8, 361–369 (1969)

[14] Hofer, H.: Variational and topological methods in partially ordered Hilbert spaces. Math. Ann. 261, 493–514 (1982)

[15] Hofer, H.: A geometric description of the neighbourhood of a critical point given by the mountain pass theorem. J. London Math. Soc. (2) 31, 566–570 (1985)

[16] Li, S.-J. and Liu, J.-Q.: Computation of critical groups at degenerate critical points and applications to nonlinear differential equations with resonance. Preprint

[17] Mawhin, J. and Willem, M.: Critical Point Theory and Hamiltonian Systems. Berlin: Springer 1989

[18] Sweers, G.: Strong positivity in C(Ω) for elliptic systems. Math. Z. 209, 251–271 (1992)

[19] Wang, Z.-Q.: Multiple solutions for indefinite functionals with applications to asymptotically linear problems. Math. Sinica, New Series 5, 101–113 (1989)

[20] Wang, Z.-Q.: On a superlinear elliptic equation. Ann. Inst. H. Poincaré.

Anal. Non Linéaire 8, 43–58 (1991)