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On the Existence of
Multiple, Single-Peaked Solutions
Jor a Semilinear Neumann Problem

ZHI-QIANG WANG

Communicated by P. H. RABINOWITZ

§ 0. Introduction

In this paper, we are concerned with positive solutions of the following
semilinear elliptic equation subject to homogeneous Neumann boundary con-
ditions

—dAu+u=lul?"%u in Q,
O ul

dujdv =0 on Q2

where 4 is a positive constant, £ is a bounded domain in R¥ {N = 2) with
a smooth boundary, and v is the unit outer normal to 2£. p satisfies
2<p<IN[(N—-2)if Nz3, and 2<p< 4o if N=2.

There have been a number of papers concerning this probiem. See [LN,
LNT, NT, T]. As was mentioned in [NT], this problem may be viewed as a
prototype of pattern formation in biology and is related to the steady-state
problem for a chemotactic aggregation model by Krirer & Secer [KS].
Moreover, (I); plays an important role in the study of activator-inhibitor
systems modeling biological pattern formation which were proposed by
GIERER & MEWNHARDT [GMI].

In [LNT] and [NT], it is shown that (), has a nonconstant positive solu-

tion uy (the so-called least-energy solution) if d is sufficiently small. It is also
shown that u; has only one local maximum over © and hence it is the global
maximum, which is achieved at one point on the boundary 4£2. Note that x =1
Is a trivial solution of (I); and is the only positive solution if & is sufficiently
large [LNT].

The goal of this paper is to establish a multiplicity result on the existence
of nonconstant positive solutions of (I}; and to show how the number of
positive solutions is affected by the topology of £ or, more precisely, of 3£.
Moreover, we can prove that all solutions we obtain have the property that
each solution has at most one local maximum over Q, which is achieved at
a point on the boundary of 2. Our main results are the following theorems.
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