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Abstract

We consider the following nonlinear Schrodinger system in R?

—Au+ P(lxDu = pu’ + po’u, x e R3,
—Av+ Q(|xDv = v’ + Buv, x e R3,

where P(r) and Q(r) are positive radial potentials, & > 0,v > Oand 8 € R is
a coupling constant. This type of system arises, in particular, in models in Bose—
Einstein condensates theory.

We examine the effect of nonlinear coupling on the solution structure. In the
repulsive case, we construct an unbounded sequence of non-radial positive vector
solutions of segregated type, and in the attractive case we construct an unbounded
sequence of non-radial positive vector solutions of synchronized type. Depending
upon the system being repulsive or attractive, our results exhibit distinct character-
istic features of vector solutions.

1. Introduction

We consider the following nonlinear Schrédinger system

[—Au+P(|x|)u=,uu3+,3v2u, x € R3, (L1)

—Av+ Q(lxv = vv® + Buv, x eR3,

where we assume that P(x) = P(|x|) and Q(x) = Q(|x|) are continuous positive
radial functions, © > 0, v > 0 and B8 € R is a coupling constant.
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These types of systems arise when one considers standing wave solutions of
time-dependent N-coupled Schrodinger systems with N = 2 of the form

N
—ig®j=AP = V()P + |0 PP, + @5 X Bul®il, inR? (L2
1=1,k#j .
®;=d;(x,1)eC,t>0, j=1,...,N,

where ; and Bj; = f;; are constants. These systems of equations, also known
as Gross—Pitaevskii equations, have applications in many physical problems such
as in nonlinear optics and in Bose—Einstein condensates theory for multispecies
Bose—Einstein condensates. For example, (1.2) with N = 2 arises in the Hartree—
Fock theory for a double condensate, that is, a binary mixture of a Bose—Einstein
condensate in two different hyperfine states |1) and |2) (see [11,27]). Physically,
@ and @, are the wave functions of the corresponding condensates,  and v, and
B are the intraspecies and interspecies scattering lengths, respectively. The sign of
the scattering length § determines whether the interactions of states are repulsive or
attractive. In the attractive case the components of a vector solution tend to go along
with each other, leading to synchronization. In the repulsive case, the components
tend to segregate from each other, leading to phase separations. These phenom-
ena have been documented in experiments as well as in numeric simulations (for
example, [7,19,23] and references therein).

Systems of nonlinear Schrodinger equations have been the subject of extensive
mathematical studies in recent years, for example, [2-6,8-10,14,15,17,18,20,21,
24,25,29,30,34] and references therein. Phase separation has been proved in sev-
eral cases with constant potentials, such as in [4,8,9,21,25,29,30] as the coupling
constant 8 tends to negative infinity in the repulsive case. For the totally symmetric
case (uj = p > Oforall j, and B; = B for all k # j), radial solutions with
domain separations are constructed in [25] using variational methods and perturba-
tion methods for N-systems. In [9,30] the minimax method is used to give infinitely
many radial positive solutions for 2-systems (see also [26] for generalizations to
the N-systems). These examples constitute segregated radial solutions. Segregated
radial solutions were obtained in repulsive cases in [4] by global bifurcation meth-
ods for the general systems (1.1), establishing the existence of infinite branches of
radial solutions with the property that \/u — Bu — /v — Bv has exactly k nodal
domains for solutions along the kth branch. However, non-radial solutions of the
segregated type with an arbitrarily large number of nodal domains are not well
known. The work of [16] gives solutions with one component peaking at the origin
and the other having a finite number of peaks on a k-polygon. In the symmetric case
(u =vand P = Q = 1), [30] gives infinitely many non-radial positive solutions
for B < —1, which are potentially of the segregated type. One of the goals of the
current paper is to demonstrate the existence of infinitely many segregated solu-
tions with a potentially large number of nodal domains. On the other hand, for the
attractive case (that is, 8 > 0) when P = Q = 1, it is known (for example, [5,6])
that there are special positive solutions with the two components being positive
constant multiples of the unique positive solution of the scalar cubic Schroding-
er equation —Aw 4+ w = w?. Thus, the two components are in synchronization.
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This observation prompts the question of whether there are non-radial synchro-
nized vector solutions. Another goal of our paper is to construct infinitely many
non-radial synchronized solutions. Under some assumptions for P(r) and Q(r)
near infinity we construct infinitely many non-radial positive solutions for (1.1),
for both segregated types and synchronized types.

We assume that P(r) > Oand Q(r) > 0 satisfy the following conditions:

(P): There are constants a € R, m > 1, and 6 > 0, such that as r — +00
P(r)—1+—+0( m1+9) (1.3)
(Q): There are constants b € R, n > 1, and ¢ > 0, such that as r — +o00
b 1
Q(r)=1+r—n+o(rm). (1.4)
Our main results in this paper can be stated as follows:

Theorem 1.1. Suppose that P(r) satisfies (P) and Q(r) satisfies (Q). Then there
exists a decreasing sequence {f} C (—/uv,0) with B — —./uv as k — oo
such that for B € (— /v, 0) U (0, min{u, v}) U (max{u, v}, 00) and B # B for
any k, problem (1.1) has infinitely many non-radial positive synchronized solutions
(ug, ve), whose energy can be arbitrarily large, provided one of the following two
conditions holds:

(i) m<n,a>0andbeR;orm >n,ae€Randb > 0;
(i) m =n,aB + bC > 0, where B and C are defined in Proposition A.2.

Furthermore, limy_, 5o maxu, > 0, limy_, oo max vy > 0, and as £ — o0

V1 = Blue = /1v = Bluell gt + 11V — Blue — /Iv — Blogl| e — 0.

Theorem 1.2. Suppose that P(r) satisfies (P), Q(r) satisfies (Q) andm = n, a >
0, b > 0. Then there exists B* > 0 such that, for B < B*, problem (1.1) has
infinitely many non-radial positive segregated solutions (uy, v¢), whose energy can
be arbitrarily large. Furthermore, limy_, oo max uy > 0, limy_, oo max vy > 0, and
as { — o0

[Wviee () — /mve(Te) g1 + [V vue() — /moe(Te) ||z — 0.

Here Ty € SO (3) is the rotation on the (x1, x3) plane of %.

Remark 1.3. The segregated or synchronized natures of these solutions are dem-
onstrated from the L°° estimates in the theorems; this distinction will be clearer
in Theorems 1.7 and 1.8, stated later, after we fix the notation. Roughly speaking,
synchronized solutions are small perturbations of (U, V;.), where U, and V, are
sums of positive constant multiples of translated W to the vertices of a large sized
I-polygon, where W is the unique positive radial solution of —AW + W = W?3.
Segregated solutions are small perturbations of (U,, \_/p), where U, (\_/p, resp.) are
sums of translated W, (W,, resp.) to the vertices of a large sized /-polygon, with
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one polygon being a 7 /[ rotation shift of the other, and where W, (W,,, resp.) is
the unique positive radial solution of —AW + W = uW3 (=AW + W = vW?3,
respectively). In other words, synchronized solutions and segregated solutions both
have a large number of bumps near infinity, while the locations of the bumps for
u and v are roughly the same for synchronized solutions and the locations of the
bumps for # and v have an angular shift for segregated solutions.

Remark 1.4. 1). In Theorem 1.1 the requirement of § ¢ (min{x, v}, max{u, v})is
necessary as there is a non-existence result on positive solutions (for example, [5]),
and in particular there are no positive solutions when P = Q for such 8. 2). Note
that for the small coupling constant we can obtain simultaneously infinitely many
synchronized and segregated solutions. With the constant potentials, segregation
was discussed for the repulsive case with 8 negatively large (for example, [4,7—
9,15,21,25,29,30]), while the uniqueness of positive radial solutions was proved
for a large positive constant 8 [34].

Remark 1.5. Our methods are inspired by the work of [31,33] for scalar nonlinear
elliptic equations. For the scalar case, the potential has to be decreasing at infinity
since the scalar equations may not have non-radial positive solutions for increasing
potential functions. However, we want to point out that for the systems of equations
we just need the combined effect from the two potential functions P and Q in the
sense that if one dominates the other, the faster decaying function can be increasing
or decreasing at infinity and, if the two have the same decay rates at infinity, we
just need the combined effect aB + bC > 0.

Remark 1.6. There is a gray region of | 8| # 0 small in which, for 8, synchronized
and segregated type solutions exist simultaneously. This, in some cases, may be
seen as a continuation from solutions for 8 = 0. On the other hand, we want to
point out that for some parameters these solutions only exist due to the coupling and
do not exist for B = 0. For example, as we discussed above, a or b can be negative.
When 8 = 0, an equation with increasing potential cannot have non-radial positive
solutions.

Next, we introduce some notations to be used in the proofs of the main theorems
and formulate a version of the main results which gives more precise descriptions
about the segregated and synchronized character of the solutions. In doing so, we
also outline the main idea and approach in the proof of Theorems 1.1 and 1.2.

Hereafter, for any function K (x) > 0, the Sobolev space H 11( (R?) is endowed
with the standard norm

1

lullx = (/ (Vul® + K(x>u2))2 ,
R3

which is induced by the inner product

(u, v)g =/ (VuVv 4+ K (x)uv).
R3
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Define H to be the product space H}(R?) x H é (R3) with the norm

G, v) | = llullp + llvllo-

Denote the unique solution of the following problem by W

—Aw+w=w?, w>0, inR3,
w(0) = max w(x), w(x) € H ®). (1.5)
xeR3
Note that the limit system for (1.1) is
—Au+u = pu’ + pv2u, x eR3,
(1.6)
—Av+v=1vv+ 5u2v, x € R3,
and that
U, V)= (@W,yWw)
solves (1.6), provided —,/uv < B < min{u, v} or § > max{u, v, }, where
v—p n—p
o = —_—, =
nv — B2 nv — B2
We will use (U, V) to build up the solutions for (1.1).
Let
. 2(j—1 2(j—1 ;
x!/ = (rcos %,rsin %0) = (x”, O), j=1,...,¢ (1.7

where r € [rofIn ¢, ri€1n£] for some r; > rg > 0.
Define

}wJ=LuueHMqumwmmxmh=za

. 2] . 27j
u(rcos@,rsinf, x3) = u | rcos 9+7 , ¥ sin 9—}—7 , X3 .

We define Hg ¢ similarly.
Let

4 l
Ur(x) = D U (), Ve(x) =D V), (1.8)
j=1 j=1

where Ug (x) = U(x — &) for & e R3, Ve(x) =V(x —§)for& e R3. It is easy to
check that (U,, V;)isin Hp s x Hg .
We will verify Theorem 1.1 by proving the following result:
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Theorem 1.7. Under the assumptions of Theorem 1.1, there is an integer £y > 0,
such that for any integer £ 2 £, (1.1) has a solution uy of the form

(Lt[, U@) = (Urg ()C) + (28 Vre (x) + WZ),

where (¢, Yr¢) € Hp g X Hp 5, 1o € [ro€In €, ri£Int] and as £ — +o0,

[ (@e, Yol — 0.

In Theorem 1.7, we construct infinitely many non-radial positive solutions
(ug, vg) for system (1.1). These are synchronized type solutions as evidenced
by the constructions, since the essential supports of the two components u, and v,
are both placed in the same locations. One can easily see that the larger the value of
£, the more synchronized these components are. The next result implies Theorem
1.2 and gives segregated solutions for system (1.1) with the essential support of
the two components being separated.

Let U, be the unique solution of the following problem

—Au+u :,uu3, u>0, inR3,

1w(0) = max u(x), u(x) e H (R3). (1.9)
xeR3
It is well-known that U, is non-degenerate and U, (x) = U, (|x|), UIQ < 0.
We will use (U, Uy) to build up the approximate solutions for (1.1).
Let x/ be defined in (1.7) and denote
. 2j—1 2j—1 ;
y = (pcos%,psin%,O) = (y/j, O), i=1...,4¢
(1.10)
where p € [rofIn ¢, r1£1n £] for some r; > rg > 0.
Let
¢ ¢
Ur(x) =D U, (), V,(x)=> U, i), (1.11)
j=1 j=1

where Uy ¢ (x) = U, (x—&) fory > Oand§ € R3. Itis easy to check that (U,, ‘_/p)
isin Hp s x Hp s.
To prove Theorem 1.2, we need to prove the following result

Theorem 1.8. Under the assumptions of Theorem 1.2, there exists an integer ly >
0, such that for any integer £ 2 £, (1.1) has a solution (ug, v¢) of the form

(e, ve) = Uy, (X) + @, Vo (x) + Yre),
where (@¢, ¥¢) € Hps x Ho 5, ¢ € [FolIn €, 71£1n ] and as £ — +o00,

1(@e, Yo)ll = 0.
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Remark 1.9. By Theorem 1.7 and Theorem 1.8 , (1.1) has solutions with a large
number of bumps near infinity. Thus, the energy of these solutions can be very
large.

We apply the techniques in the singularly perturbed elliptic problems to prove
our main results. In particular, we adopt the idea introduced by WEI and YAN [33]
by using ¢, the number of the bumps of the solutions, as a parameter in the construc-
tion of spike solutions for (1.1). We encounter some new difficulties in estimates
due to the nonlinear coupling.

This paper is organized as follows. In Section 2, we will carry out the reduction
to a finite dimensional setting and prove Theorem 1.7. The study of the existence
of segregated solutions for system (1.1) and the proof of Theorem 1.8 will appear
in Section 3. In Section 4 we discuss some further extensions of our main results
by using our framework of methods. We conclude with the energy expansion in the
appendix.

2. Synchronized Vector Solutions and the proof of Theorem 1.1

In this section we consider synchronized vector solutions and prove Theorem
1.1 by proving Theorem 1.7. Let

Y' ) )
J or J ar

where x/ is defined in (1.7).
In this section, we always assume

min{m, n} min{m, n}
FEDE = [(T—S)Elnﬁ, (T ~|—8)£1n£1|, (21)

where § > 0 is a small constant.
Let

I1(u,v) = %/ﬂ@(ww2 + P(IxDu* + Vo> + Q(Ixv?)

1
_Z/R3(“|“|4+V|”|4)_§/R3 u?v?, (u,v) € H.

Then I € C? and its critical points are solutions of (1.1).
Define

4
E=1{(u,v)eHp,x Hgy, Z/ W2 (Yju+ Zjv) =0
=17

Let

J, ) =1U+¢, V. +¥), (p,¥)€E.
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Expand J (¢, ¥) as follows:

1
T ) = JO.0) + g, ¥) + S L. ¥) + R(g. ¥). (9. ¥) € E, (22)

where

V4 4
zw,w)=Z/R%<P<|x|>—1>Ux,-<p+u/R} oS0 )
j=17" j=1

¢ ’
+Z/R3<Q<le>—1>"xf¢+V/w VoSV e
j=1 : j=1

12 4
_/3/ VU, =D ViU | o — /3/ VUF =D VU | v,
R Jj=1 RS j=1
L, w>=/ (196 + P(iDe? - 3U20?)
R3
+/ (199 + o(xnu? = 3022
R3

-8 /R (v +au vy + v,

and
_ 3 3, M4 Vg
Ry, ¥) = pUr@” + vV, y” + —¢" + —¢
R3 4 4
—§ . ((Ur + @ (Ve + ) — UV = 2(U Vg + UVey)

—2URR + VIR + AU Vo))

In order to find a critical point (¢, ¥) € E for J (¢, ¥), we need to discuss each
term in the expansion (2.2).
It is easy to check that

/R (VuVg + P(xhug = 3uUlug) + / (VoVy + Q(x vy — 3vVvy)

R3
_ ﬁ/R3 (U2oy + V2ug + 2U, Vour +2U, V, vp)

is a bounded bi-linear functional in E. Thus, there is a bounded linear operator L
from E to E, such that

(L@, ), (o, «//))z/]RS (VuVe + P(Ix)ug — 3uU2ug)
+/W (Vovy + Q(Ixhvy — 3vV7 vy)

—,3/R3(Urzvl//—{—Vr2u(p+2UrVrm//+2UrVrv<p), (u,v), (9, V) €E.
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From the above analysis, we have the following two lemmas.
Lemma 2.1. There is a constant C > 0, independent of €, such that for any r € Dy,
IL(u, v)I = Cli(u, v)Il, (u,v)€E.
Next, we discuss the invertibility of L.

Lemma 2.2. There is a constant o > 0, independent of £, such that for any r € Dy,
L@, v 2 oll(u, V), (u,v)€E.
Before we prove Lemma 2.2, we need a non-degeneracy result.

Proposition 2.3. There exists a decreasing sequence {fi} C (—./uv,0) with
B — —. /v as k — 00 such that for B € (—/uv,0) U (0, min{u, v}) U
(max{u, v}, 0o0)and B # Biforanyk, (U, V) isnon-degenerate for the system (1.6)
in HY(R?) x H'(R?) in the sense that the kernel is given by span{( (ﬂ)gTWj’ gTu]/_) |
Jj=1,2,3}, where 6(B) # 0.

Proof of Proposition 2.3. We follow the arguments in [4]. Consider the weighted
eigenvalue problem in A: —A®+® = AW?® which has a sequence of eigenvalues
I =A1 < A2 = A3 = Aq < As < ... with associated eigenfunctions @y, satisfying

fR3 W2<I>k<I>mdx = 0 for k # m. For ®; with k = 2, 3, 4 we may take them as

oW oW W i i izati
Tar Ty Now for —/uv < B < 0or 0 < 8 < min{u, v}, linearization of

equations (1.6) at (U, V) gives us

—Ap+¢ =W(ap+by), xeR3, 03
—AY + ¥ = W2(bo + ), x € R3, ‘
where
_ 3uv —2up — p?
a(lp) = MV——,BZ
and
N =B —p)
b(B) =28 v B2
and
_ 3uv—208— B2
c(p) = W

Set yx = %€ + ﬁ (a — ¢)? + 4b%. For B < 0 a direct computation shows that

—A@ — YY) + (@ — v ) = 3WA( — y4 ).



314 SHUANGIJIE PENG & ZHI-QIANG WANG

Thus ¢ — y4 ¢ = Z?:z o ® ;. Returning to the equation for ¥ we get

4

—AY + Y = (byy +OW Y + bW D ;@
j=2

Set ¢ = 2311 yj®; and f(B) = bys + c. Assume f(B) # Ay for any k. Using
orthogonality we see easily thaty; = Ofor j #2,3,4,andy; = % forj =, 2,

3, 4. Thus, the kernel at (U, V) is given by span{((y+% + D Py, 5= ?(ﬂ) )|

k =2, 3,4}, a three dimensional space. We may take 6(8) = y+ + bf ) Since

b #0and3 —c # 0, we have 0(8) # 0.1If f(B) = A; for some j, then 51m11arly
vk = 0fork # j, k # 2,3, 4. Itis easy to check that CIDk isin the kernel when Ay =

Aj. Thus the kernel is generated by span{((y+3 7@ + DDy, 3 7f 1) de) | k =
2 3,4} and span{®y | Ay = A;}. For min{u, v} > B > 0 we use y_ mstead of y
to get the same result. From [4], f(8) = 3 if and only if 8 = 0 and f () is mono-
tone decreasing. Also, from [4] there exists a decreasing sequence S in (—,/uv, 0)
such that f(B) = A if and only if 8 = Bi. Thus, for 8 ¢ {B}, f(B) # A; for any
Jj- The same arguments can be used to treat the case f > max{u, v}, so we omit it.
O

Proof of Lemma 2.2. Suppose to the contrary of Lemma 2.2 assertion, that there
are { - 400, r¢ € Dy, and (uy, v¢) € E, with

(L, vo), (0, ¥)) = oDl e, vl (@0, I, ¥ (@, ¥) € E. (24

We may assume that || (ug, ve) ||2 = /. For convenience, we use r to denote r,.
Forj=1,...,4let

/ x/j .
Q; —IZ_(Z ) eRZxR: <|/| //|>>cos?].

By symmetry, we see from (2.4),

/Q (Vug Vg + P (x e —3uU2uee) + / (VoeVy+ QUxDvey —3vV2ury)
1

Q)

—B / (URver + VEuep +2U, Veugr + 2U, V,009) (2.5)

Ql

(L(uz, ve), (@, ¥)) = 0(1)( (@, ¥)Il. Vg, ¥) € E.

7)

In particular,

/ (IVuel® + P(lxDuj — 33U u3) +/ (IVoel* + Q(Ixyv7 — 3vVv7)
Q) Q

(2.6)
—B | (V2ui +4U, Veugve + UPv}) = o(1),

Q)
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and
/Q (IVue? + P(IxDu + [Vuel* + Q(IxDvf) = 1. 2.7)
1

Let
g (x) = ug(x —x1), e(x) = ve(x —xh).

For any R > 0, Bg(x;) C € since |x/ — x!| > rsin7 2 clnt for j =
2, ..., L. Thus, (2.7) implies

/ (IViie|* + i3 + Vo[> + 97) < c.
Br(0)

So, we may assume the existence of u, v € H! (R3), such that as £ — 400,

g — u, weaklyin H! (R®), i, — u, stronglyin L2 (R?).

vy — v, weakly in HILC(R3), vy — v, strongly in leoc(R3).

Moreover, u and v are even in x;, (h = 2, 3) and satisfy

5 (0U aV
W\ —u+—v)=0. (2.8)
R3 dx1 X1

Now, we claim that (u, v) satisfies

{—Au+u—3uU2u—ﬂV2u—2,BUVv:O, x € R3, 29

—Av+v—30V2y—BU%v —2B8UVu =0, xeR.

Define
E:[(‘”"”“H‘(R%xff‘(ﬂ%%: /RgW(&wﬂw)w].

For any R > 0, let (¢, ¥) € C{°(Br(0)) x Cg°(Bgr(0)) N E and be even in
xpy h =2, 3. Then (p¢(x), Ye(x)) = (p(x —x1), Y(x —x")) € C(Br(x")) x
Cgo(BR(xl)) C 2 for ¢, if large enough. We may identify (¢¢(x), ¥¢(x)) as
elements in E by redefining the values outside €2; with the symmetry. With the
argument in [33], we find

/Q (Vung + P(|xDuepe — 3uUr2ug<pg) — /]R’ (VuV(p +up — 3pLU2ug0),
(2.10)

/Q (Vo Ve + O(xDvere — 3V,2WW) —> /]12{3 (Vovy + vy — 3MU2UW),
(2.11)
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and

/ (UPvere + Viuepe + 20, Veugyre + 2U, Vyvegy)
Q)

(2.12)
- / (U + V2ugp +2UVuy +2U V).
R3
Inserting (2.10), (2.11) and (2.12) into (2.5), we see
/ (VuVe +up — 3uU%up) +/ (VoVy + vy — 3uU%vy)
R3 R3 (2.13)

—ﬂ/ (U + V2ug +2UVuy +2UVvgp) = 0.
R3

However, since u and v are even in xj, h = 2, 3, (2.13) holds for any function
(p, V) € Cgo(BR(O)) X CgO(BR(O)) which is odd in xj, h = 2, 3. Therefore,
(2.13) holds for any (¢, ¥) € C (Bgr(0)) x Cg (Br(0)) N E. By the density of
C3°(Br(0)) x C3°(Bg(0)) in H L(R3) x H'(R?), we see

/ (VuVe + up — 3uU%ugp) +/ (Vovy + vy — 3uU%vy)
R R (2.14)

—,3/ (U + V2up +2UVuy +2UVvp) =0, Y(p,¥) € E.
R3

Noting that (U, V) (aW y W) and W solves (1.9), we can Verlfy that (2. 14) holds
for (¢, ¥) = (8x| , dﬂ V) Thus, (2.14) is true for any (¢, ) € H'(R?) x H'(R?).
So, we have proved (2.9).

From Proposition 2.3, (U, V) is nondegenerate. Since we work in the space of
functions which are even in x, and x3, the kernel of (U V) is given by the one
dimensional (0 (,3)27”;, gg) Thus, we see (1, v) = C(a;q ) for some ¢, which
implies that (1, v) = (0, 0) since (u, v) satisfies (2.8).

As a result,

’ 3){1

/ u? +vi =o(l), YR>D0.
Br(x!)

On the other hand, using Lemma A.1, we obtain

Jx—xq| |x—xq|
U,(x)<Ce™ 7, V,(x)<Ce™ 7= xeQ.
Thus,

/Q(|vug|2+P(|x|)u§—3MU3u§) /(|vw|2+Q(|x|)v§—3vv3v§)
1
/Q(IVWI + P(|xDuj) +o(1) + O(e™ 2)/ uj (2.15)
/Q(szl +Q(|x|)v£)+o(1)+0(e*7)/ v}
1

/ (V2u? + 4U, Veugve + UPv}) = o(1) + O(e—f)/ (uf +v7). (2.16)
Q Q
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Inserting (2.15), (2.16) and (2.7) into (2.6), we find

o(l)—/ (Ve + Paxbu = 3uU23)+ [ (Vo + Q(bxeF ~307203)

Q)

—ﬁ/ (V2u3 + 44U, Vyugve + UPv})

=1+ 0(6_7),

which is impossible for large £ and large R.
As a result, we complete the proof. O

Lemma 2.4. There exist constants C > 0, independent of £, such that

IRV (0, ¥)Il < Cl(@. ¥)IP~", i=0,1,2.
Proof. Calculating directly, we have that for any (u, v), (w, ®) € E,

R0l < | [ (a0 + 0% + 5 + 30
0 [ (@02 =0V =20, V24 U2V
2V + VIR AU, V,0))|
<C [ (0 + 1P 1ol + 11+ 101+ 2l
< (g, I + I 1),
R o). G| = | [ (3t + = BU v u—28V, 0 u—pioi

+30 V20 + vydv — 28U, ¢ v — BVrpy — ﬂwzx/fv)‘
< Clellp+Hlelp+1v 13+ b +lelp v o+ lelp 1v15)
x(lullp + vl o)
< C(Ilte. I + e vIP) I, v,
and, similarly,
(R (@, ¥) (. v), (w, )| < C(Iltg. ¥l + (@, ¥ I, )l (w, ).
Hence, the result follows. O

Proposition 2.5. There is an integer £y > 0 such that, for each £ = £y, there is

a C' map from Dy to Hpy x Hos: (0, ) = (o), ¥(r)), r = |x1|, satisfying
(p,¥) € E, and

<3J (¢, V)

(e, ¥)

Moreover, there is a constant C, such that

,(g,h)>=0, V(g,h)eE.

¢ 2, 4
uwwm<c( +—+mee—) (2.17)

r
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Proof. Itfollows from Lemma 2.6 below, that/(¢p, ) is abounded linear functional
in E. Thus, there is an /y € E, such that

L, ¥) = (le, (9. ¥)).

Thus, finding a critical point for J (¢, ¥) is equivalent to solving

lo+ L(p,¥) + R'(p,¢¥) =0. (2.18)

By Lemma 2.2, L is invertible. Thus, (2.18) can be rewritten as

(@ ¥) = Alp.¥) = =Ll = L7 R (9. ¥). (2.19)
Set
14+0 EH_U o o €
D=[<¢’1/f>r<w,1/f>eE,||<<p,w>||< et +zze—u;],

where o > 0 is small.
From Lemma 2.4 and Lemma 2.6, below, for ¢ large,

1AG, ¥)Il £ Clllell + Cllg, vII?

o) I e 50 WY AL 2

= — + — e - e -

- rin r’t r rin rit r
EH_G £1+0 v - 0

< + oL (2.20)
rimn r’t r

and

1A @1, Y1) — A(ga, ¥2)l = IL7 R (91, ¥1) — L™ R (2, ¥)
C(Ilter, vl + i1, YOI @1, Y1) — (92, Y2

1
s Ell(fﬂl, Y1) — (@2, ¥2)ll.

[IA

IA

Therefore, A maps D into D and is a contraction map. So, by the contraction map-
ping theorem, there exists (¢, ¥) € E, such that (¢, ) = A(e, ¥). Finally, by
(2.19), we have

E z 2 E
g, )l < C (_m oL H;e_”_) |
r r r

Lemma 2.6. There is a constant C > 0 independent of €, such that

14 V4 1 2z 4
el £ C (r_m + -y —i—EZe_ir—).

r
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Proof. First, we see

¢ 14
> [ e =0vge+ S [ (@xd - )vaw
j=17% J=17

=t /Ra(P(IxI)— 1)Ux1so+/R3(Q<|x|>— 1)Vx1w‘ @21

=¢ / (PO —xh) = )Uyp(x —x1)+/3(Q(x —x) = YUY (x —x")
R R

1 1
<ce (—m + 7) 1. ).
r r

Next, we estimate

4 ¢
3 3 3 3
wf (v-Xu)ers [ (v-2v
R3 = R3
By symmetry, we have

4 4
/R3(U,3—ZU3]-)¢ :e/ =D U)e
j=1 21 j=1

14 14

=CE/ UZD Ui+ 0(Uq D UL el
< j=2 j=2 (2.22)

; —Jx! x|

—fx! x| 5\ 2 ¢
<CEZ|1 (/Q |¢|) <cC Z slele
1 :

< cCtre —||(<p VIl
Similarly,
4
Lv-Zv ) scde® e e
j=1
Finally, since U = %V, we have
4
/ VU, =D VU, ¢+/ V,.U? - ZV U?
R3 = R3
12 2 4
]/)2/ 3 3 (0{) / 3 3 (224)
=|(= UP->0 e+ (= V=SV
G [ (-2 )er (5) L (w-Zw

I 4
< Clze ”;ll(%l/f)ll-

The result follows from (2.21), (2.22), (2.23) and (2.24). O
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Now we are ready to prove Theorem 1.1. Let (¢, ¥,) = (p(r), ¥ (r)) be the
map obtained in Proposition 2.5. Define

F(r)ZI(Ur+(pr7Vr+1/fr), VVGD@.

With the same argument used in [13,22], we can easily check that for £ sufficiently
large, if r is a critical point of F (r), then (U, + ¢, V- + ;) is a critical point of 7.

Proof of Theorem 1.7. It follows from Lemmas 2.1 and 2.4 that

1L (@r, vl £ Cllr, ¥l [R(@r, Y|  Clilgr, ¥

So, Proposition 2.5 and A.2 give

1
F(r)y=1U;, Vy) + Upr, ¥r) + E(L(ﬁl)r» vr), (@r, %)) + R(er, ¥r)

=1(U;, V) + O (Il (@r, ¥ Il + [1(er, ¥)II?)
1
gm—1l+o + en—l+0)

oA aB bC _%E 1 1
= + r—m+r—n—(D+,3H)e - + 0 €m+”+€"+" .

We prove the theorem only for the case m = n, since the other case is similar.
If m = n, then

F(r)ze(AJr(‘”iLmbC—(D+ﬂH)e—2”z'§)+0( ! ))

=I(Ur7 Vr) + 0(

gm+<7

Note that 8 # B with {8} is given in Proposition 2.3 and (D 4+ 8H) > 0. Let
Dy be defined in (2.1). Consider the following maximization problem

max F(r). (2.25)
rGDg

Assume that (2.25) is achieved by some r¢ in D,. We will prove that 7 is an interior

point of Dy.
Define
aB+bC (D + BH)e "
g(t) = ——— — .
1"y t
Then,
, m(@B +bC) 2n(D+ BH)e ™ (D4 BH)e ¥
g =- + .

tm—&-lgm t t2
It is easy to check that g(#) has a maximum point 7, satisfying

m(@B +bC)  2m(D+ BH)e ™ (D + pH)e ™
tm+l£m - t + tz :

(2.26)
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Thus,
m
f = (— + 0(1)) Ine.
2

So, the function

Tr

aB+bC (D + BH)te T

rn r

g(r) =
has a maximum point
_ m
o= bty = (— + 0(1)) ¢ine.
2

Hence, it follows from the expression of F'(r) that the maximizer ry is an interior
point of Dy, if we choose § > 0 small.

Now we prove that u,, = U,, + ¢, and v,, = V,,, + ¥, are positive.

First, by regularity theory, we have that (¢,,, 1,,) tends to zero in L°°-norm as
¢ — oo. Set (ur,)- = max{—u,, 0}, (v;,)— = max{—v,,, 0}. Then we have that
(ur,)— and (v,,)— tends to zero as £ — oo. Due to the form of the solution, we see
that when u,, (x) < 0 we have V,, (x) < —,,(x) = o(1) as £ — oco. We see from
(I'(ur,, vr), ((ur,)—, 0)) = 0 that

G115 = u/ |(uar)— |+ +ﬂ/ V2 [r) =1 Z oDl () -3
R3 R3

Hence, u,, > 0.
Similarly, we can prove v,, > 0. As aresult, (U, +¢r,, Vi, +¥y,) is a positive
solution of (1.1). 0O

3. Segregated Vector Solutions and The proof of Theorem 1.2

In this section we consider synchronized vector solutions and prove Theorem
1.2 by proving Theorem 1.8. Let
- v, i - aU, .
Vj=—t2 0 Z, =2 =10,
ar ap
where x/ is defined in (1.7) and y/ is defined in (1.10). i
For simplicity of notation, in the sequel we use U,; and V,; to replace U, ,;
and U, ,;, respectively. In this section, we assume

(r,p)eDnggz:[(%—S)ElnE, Mﬁlnﬁ]x[(%—g)ﬁlnﬁ, Munz],
3.1)

where 5_> 0 is a small but M > 0 is a large constant depending only on
m, a, b, BandG (from the Appendix).
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Define

4 l
- .
E={@v) € Hpy x Hos, Z}/R 02 ¥ju =0, ZI/R V2 Zj0=0
J= J=

Let
J@. ) =10+ .V +¥), (@, 9) €k
Then, similar to (2.2), J (o, 1/_/) has the following expansion
_ _ - _ _ 1- _ _ _ -
J(@,¥)=J(0,0)+ g, ¥) + EL(fﬁ, V) + R, ¥), (p,¥) €K, (3.2)

where L(@, %) and R(§, ) are exactly defined exactly as L(g, ¥) and R(g, V)
in Section 2, but with U,, V,, ¢ and v being replaced by U,, \_/p, @ and Y, respec-
tively. Moreover, we can find a bounded linear operator L : E — E corresponding
to the quadratic part L(¢, ). However, [(¢, ) has the following form

14 14
i@ ) = ;/R3(P(|x|> ~ )06+ M/R3(Ur3 - ;U§j)¢
L o _ 14 _ _
+Z/R3(Q(|x|) — 1)V + v/R}(v;’ -2 Vv
J=10" o j=1
_ﬂ f]R3 (Urvpz(;5 + Urzva)-
The above analysis gives the following lemma.

Lemma 3.1. There is a constant C > 0, independent of £, such that for any (r, p) €
]D)g X ]D)g,

IL@, o) £ Cll@u, v)ll, (u,v) € E.

Lemma 3.2. There exist ,(_5* > 0, 0 > O independent of ¢, such that for any
(r, p) € Dy x Dy, if B < B*, then

1L, v)]l Z all, v)Il, (u,v) € E.

Proof. The argument is similar to the proof of Lemma 2.2. Arguing by contradic-
tion, we suppose that there are £ — 400, r¢, p¢ € Dy, and (ug, v¢) € E, with
lGute, ve) > = ¢, and

(L(ug, vo), (@, ¥)) = o) || (ue, vl Il(@, ¥)II, Y (@, ¥) € E. (3.3)
Forj=1,...,¢let

/ 1J
sz[zz(z/,z3)eR2xR:<Z— al >§cos%],

2/ x|

~ ! 1 T
Qj=[z=(z’,z3)eR2xR:<z—/|, Y >>cosZ].

|z
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We will use r, p to replace r¢, pg, respectively, in the sequel. By symmetry, we see
from (3.3),

/ (VueVg+P(|xDue@g—3uU7 ued) + / (Voe Vi + Q(x hver =30V ve i) )
Q) Q
— [ (Oved + Ve + 20, Vpuel +20,7yu09) (3.4)
Q)
1

1 -
= (LG v). @) =o0(

JI@ Dl V@, ) E.

In particular,

/ (|Vue|2+P<|x|>u%—3u03u%)+/ (IVvel® + Q(xv; — 3wV v7)
& (3.5)

Q
—ﬂ/ (V2ui + 40, Vyugve + UPvg) = o(D),
Q1
and

/Q (IVuel* + P(IxDu? + Ve + O(Ixv3) = 1. (3.6)
1

Obviously, estimates (3.4), (3.5) and (3.6) are also true on Q.
Let

iie(x) = ug(x — x1), Bp(x) = ve(x — yh.

Now we consider i, (x) in detail. The analysis on v, (x) is similar for vy and u,
are also even with respect to the axis y'.
We may assume the existence of i € H'(R?), such that as £ — +o0,

g — i, weaklyin H! (R®), i, — @i, stronglyin L3 (R?).

Let ¢ € C%?O(BR(O)) and be even in xp,, h = 2, 3. Define ¢¢(x) =: ¢(x — xh e
C3°(BRr(x")). Then choosing (¢, ¥) = (¢, 0) in (3.4) and proceeding as we did
in Lemma 2.2, we can see that i satisfies

— Aii + i —3uUf i =0, inR’, (3.7)

Also, by the nondegeneracy of Uy, we find u = 0.
Using the same argument on 1, we can prove that as £ — 400,

i — 0, weakly in H. (R®), @ — 0, stronglyin L} (R?).

As a result,

/ ul = o(1), / v2=o0(l), YR>0.
Br(x) Br(y")

On the other hand, using Lemma A.1, we obtain

lx—xq| lx—y1l ~
U,(x)SCe™ 7, xeQ; Vo, (x)<Ce 7, xe.
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Thus, from (3.3), we see
o(1)¢ =/R}(|Vu4|2+P(|x|)u,%—3/L0,2u%)+/R}(Iva|2+Q(|x|)vg—3vV§vf)
8 /R (V2 40, Vyugve + )
- /R}(WWP + P(IxDui + [Voel* + O(Ix)v7) — ,3/R3(‘7p2u% + Uv})

—4,36/ Urvpum—e/ 3M03u§—e/_ 3vVivp
& 1 S (3.8)

- /R%(wmz + P(xDu? + Vo2 + Q(xhv?) — ,B/W(\_/pzu% +UM3)

+0@E ' el plvello + (o(1) + O(e—R>)/R3 (42 +07)
=t- ﬁ/ (V2u? + 02vd) + 0@ ¥ + (o) + 0 ™)) ¢
R3
>0 — CRL+ O™ ) + (0(1) + O(e—R))e,

since

0 [ (v o) sc [ (ded) s ce
R3 R3

where C is independent of €.
If we choose 8 < * =: é, then (3.8) is impossible for large R and £.
Consequently, we complete the proof. 0O

Now we apply the above reduction process to the functional J (@, V).

Proposition 3.3. There is an integer 470_> 0, such that fgr eacht = 57(), thereisa C!
map fromDyxDy 1o Hp s x Ho 5: (¢, ¥) = (@(r, p), Y (r, p)), r = X, p = [y,
satisfying (¢, V) € E, and

<3J_(</3, )

—, (h, =0, V(h, E.
5@ ( g)> (h,g) €

Moreover,

_ 1 1 V4 — 7
@, ¥l < Ce (r—m + r—n) + cw%;e—v@—”%wz“z(wz. (3.9)

Proof. We see that (¢, ) is abounded linear functional in E. Thus, thereis/; € E,
such that

l_((pv Jf) = (l_Es ((Z)’ I/_f))
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Hence, to verify the proposition, we only need to use the argument in the proof
of Proposition 2.5 and the following estimate on ||/,

- 1 1 14 i i
el £ Ct (r_’” + r_”) + C|ﬁ|£%;e_\/(p—rcos7)_2+r2_(7)2_’ (3.10)

where C is independent of ¢ and .
Now we prove (3. 10)._ Inde_ed, since in Lemma 2.6, we have a similar estimate
on the first four terms of /(¢, V) , we need to estimate only

By symmetry, we see

0,72 =e| [ 0,72
’./]1%3 rVp® '/Ql rVp®

-1 4 2 2
:cz/g <0xlv§l+axlv;+axlzv5,+';ZUX,,-+ZU zv )W,
1 j =2 =2 j=2

£

1 1
<cef (9,577 1y, _X|+U Ze iyl g2 Ze*sw =) 151
- Q v |y1—x1| 1 : yl

\y —x iz
—Iv =] 32
(/ |<p|) <cez e Vmreos DR @, ), (3.11)
since [x — y/| = |y/ — 1, |x —x/| = 3|/ —x!|ifx e Qrand j =2,....¢,

and for ¢ large eIl < e/ o= eos T2
Similarly,

< Ceb Le VTSR (5, ). (3.12)

Hence, we complete the proof. O

Proof of Theorem 1.8. Let (¢, ,, lﬁr,p) = (@(r, p), ¥ (r, p)) be the map obtained
in Proposition 3.3. Define

F(rvlo):I(Ur+¢r,pv‘_/p+1/_/r,p)’ Vrvloe]D)@'

We can easily check that for £ sufficiently large, if (r, p) is a critical point of
F(r, p), then (U, + ¢, p, Vp + 1//rp) is a critical point of 1.
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It follows from Propositions 3.3 and Proposition A.3 that

1
F(V p) = I(Ura Vp) + l(‘ﬂr 0 l//r p) + (L((Pr 0 ‘/’r p) (¢r, 0 l//r p)) + R((Pr 0 ‘/’r p)
= 107, Vp) + O (el @r o V. ) + 1, )11

o 03 o - TV22(my2 1 1
=I(Ursz)+0(ﬁ2r262 (:0 rCOS@)‘H'(@))_’_O( + )

rm—l+o pm—l+a

- B -t _2ur 2 ¢ _\/m

_ A—I—a——Dfe*z o()f + 0 B 2,/(p—r cos T)2+r2(T)
rin r In¢

l ,27;/) 0 1 1
+pm ;e + rm+a +W .

For any 8 < B*, where B* is defined in Lemma 3.2, we can choose £* > 0 such
— 2
that D + o(1)B + 0(1/131_@) > 0 for £ = £*. Consider the maximization problem

max F(r, p). 3.13
pax (r, p) (3.13)

Assume that (3.13) is achieved by some (r¢, p¢) in Dy x Dy. We will prove that
(r¢, p¢) is an interior point of Dy x Dy.

When o(1)8 + O(%) > 0, we define

aB B2 2Tt bC Ge—27s
o(t) = D 1 h(s) = — .
30 = ( +o( )ﬁ+0(1 Z)) — h) = -
Then,
_ -2
} map 27 (D+op+0(f))e
8 (t) = _tm+]gm + t
ﬁZ 727‘[[
D 1 0]
+( +o()B + (1 E)) ot
and

mbC 27 Ge TS n Ge™27s

oo
W) = sm+Llgm s 52

It is easy to check that g(¢) has a maximum point, #,, satisfying

tm+l£m t

mab__ (Do +0 (i) (2n + %) NCRPY

Thus,

m
1 = (— + 0(1)) Ine,
2
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and by (3.14),

=2 (110(*
g(l)—w(—i— (5))

= 2nr

- aB ( - (,32 )) te= T
gr)=——=\D+o(H)B+ 0 —
rin In¢ r

So, the function

has a maximum point
_ m
Fo= 0ty = (— n 0(1)) ¢ine,
2

with
c1+o(1)

o(r =o(ty)) = ——
g(re) = g(te) o ¢jmem

for some constant ¢; > 0 depending only on a, B, m.

_ =2nr

Ifo(1)B + 0(%) < 0, we define g1 (1) = 48 — 2= Then we still get that

. ~ - c1+o(l)
the maximum of g is ey er

Similarly, the function

has a maximum point
_ m
5o = (— + 0(1)) ¢ine,
2w

with

~ ¢+ o(l)
h(pe) = TIn g7 em

for some constant ¢» > 0 depending on b, C, m.
2
Hence, if o(1)8 + O(Iﬁ_fz) > 0 we see

F(re, pe) 2 € (A + &(Fe) + h(pe) + &)
|Tn €| ¢m

iy ety
| In £|mgm

(3.15)

Ifo(1)B + O(%) < 0, we have

Foe oo 2 (A+ G0+ i + —2
0, pe) Z §1(re PO+ g

3.16)

_ 1 (

_ o4y ateatody
Tn €] em
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Now we show that the maximum cannot be on the boundary of D, x ;. Suppose
— 2
that re = (£ — §)¢In¢. Then if o(1) + O(L,) > 0, for any p € Dy,

_ _ C B e—2n(%—z§) In¢
Fre,p) <t A - D _ h(p
(e p) SE\ A e e (70

_ C - 1 1
§€(A+ S — _ ,+62+Z(,3)
| Ing|m¢ gﬂ(ﬁ—)(%_g)]ng |Ine|"™¢
Cz+0(1))

¢|A
= ( t e

This is a contradiction to (3.15). If o(1) 8 + 0(%) < 0forany p € Dy

Flre.p) <t (A +—C (13 Fo(+ 0 (’3—2))
= [1n £|mem In¢

e 2t(E =9t
X —————e———+ h(p
()i (o)

¢ A _c D 1 0 P
( +|ln£|’"£’"_( +o(1)f + (m))

y 1 2+ o(1)
EZH(%—S)(% —8)Int [In g gm

- c+o(l)
VA+———).
= ( +|1ne|mem)

A

This is a contradiction to (3.16). Suppose that rp, = M{1n £. Then for any p € Dy,
we see

_ - aB ~ o(1)¢
F@re,p) Se{(A+————+h _
(re, p) = ( + MO + (pe)) + e

_ B 1 - 1
<o(is a +Cz+0() oy A+61+62+0() ’
(MeIng)m ' |1ne|memn | 1n €] ¢m

which is also a contradiction to (3.15), if M > 0 is large.

Similarly, we can also verify that p, # (% - )2 Inf and py # M{In £ for
suitable y > 0 and M > 0.

So we have proved that (r¢, p¢) is an interior point of Dy x D, for large ¢, thus
(r¢, pe) is a critical point of F(r, p).

Proceeding as in the proof of Theorem 1.7, for B < 0 we can check that
ury.pp = Ur, + @r, p, and vy, 5, = V,, + ¥y, p, are positive, and hence a solution
of (1.1). When B > 0, we note that the estimates on ¢, ,, and ‘ﬁrz,pz can be done
independently of 8 < B* so that u,, ,, and v, ,, are uniformly bounded inde-
pendently of 8. Again we can then use the same argument as before to show the
solutions are positive when 8 > 0 is small enough.

As a result, we complete the proof. O
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4. Extensions

Remark 4.1. First of all, we remark that our main result on synchronized solutions
can be stated and proved for the case of R? with little change to the proof. However,
we do not know whether our result on segregated solutions is valid for R?. It would
be to examine this case.

Remark 4.2. Radial symmetry can be replaced by the following weaker symmetry
assumption: after suitably rotating the coordinate system,

(P1) P(x) = P(x', x3) = P(|x'], |x3]), where x = (x’, x3) € RZ x R,

P2) P(x) = p2_|_ ﬁ + O(W) as [x| - 400, where p > 0,a e R,m > 1
and 6 > 0 are some constants.

QD) Q(x) = Q(x", x3) = Q(Ix'], Ix3]), where x = (x', x3) € R? x R,

(Q2) 0(x) = ¢ + % + 0(|x|+ﬂ) as |x| — +oo, whereb € R,n > 1, > 0,
and ¢ > 0 are some constants.

Remark 4.3. Our methods allow us to treat sign-changing solutions, also. The
solutions (u, v) are constructed in the form with u and v components both having
alternating sign-changing bumps at infinity.

For sign-changing solutions to problem 1.1, we have the following result.

Theorem 4.4. Suppose that P(r) satisfies (P) and Q(r) satisfies (Q), then there
exists a decreasing sequence {fr} C (—/uv,0) with B — —./uv as k — oo
such that for B € (—/pv,0) U (0, min{u, v}) U (max{u, v}, o0) and B # Bk
for any k, problem (1.1) has infinitely many non-radial sign-changing synchro-
nized solutions (ug, v¢), whose energy can be arbitrarily large, provided one of the
following two conditions holds:

A)m<na<0andb eR;orm >n,a e Randb < 0;
(ii)) m =n, aB 4+ bC < 0, where B and C are defined in Proposition A.2.

Furthermore, as £ — oo

IV1k = Blue = /v = Blvell gt + 11V 1k — Blue = v/Iv = Bluellze — 0.
The sketch of proof for Theorem 4.4. For any positive even number ¢, set

14 12
Ur(0) = D (=1 Uy, Vo) = D (=1 V.

Jj=1 j=1

We will find a solution for system (1.1) of the form (U, + ¢, V;- + 1) with (¢, ¥) €
E. To this end, we should also perform the same procedure as the proof of Theorem
1.7.

Expanding J (U, + ¢, V. + ¥), analyzing each term of the expansion and
performing the reduction process, we conclude that finding a critical point with the
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form (U, + ¢, V, + 1) can be reduced to finding a minimum point of the following
function in the interior of Dy:

aB  bC - - ok 1 1
F*(r):Z(A—I-(W—i-r—n*l-(D‘f‘ﬁE)e “;)+0(W+W))’

where A, B and C are defined in Proposition A.2 and D and E are two positive
constants.
The rest of the proof can be finished as in the proof of Theorem 1.7. O

Theorem 1.8 can be generalized to the following general system

—Au+ P(xDu = pu’ + ’i o7 ulP"2u, x e R3,
q

—Av+ Q(x))v = vod + ’i lulP o), x e R,
q

“.1)

where2 < p <5, 2<g<5andp+gq Z6.

Theorem 4.5. Suppose that~P (r) satisfies (P), Q(r) {atisﬁes (Q)andm =n, a >
0, b > 0. Then there exists B > 0 such that, for B < B, problem (4.1) has infinitely
many nonradial positive segregated solutions, whose energy can be arbitrarily
large.

The proof for the case p = 2 or ¢ = 2 is the same as that of Theorem 1.8. To
prove the case p > 2 and ¢ > 2, we notice that for any 7 > 0 small,

min(p,q)
/ Urpvg = éﬁ ({) P4 e—min(p—r,q—f)\/(p—rCOS %)2+r2(%)2-
R3

r

Hence, the energy expansion has the form

. - aB  -{ _om £\ minp4)
F(r,p)=1¢ A+——De Z—Cﬂ()
pm
> e—min(p—r,q—t) (p—r cos %)2+r2(%)2

bC -t _2mp 1 1
+__G;e £+0 rm+a+W :

The rest part of the proof is similar to that of Theorem 1.8. We point out here
that the condition 8 < § can guarantee that the reduction programm works (see
Lemma 3.2).

Finally, arguing as we prove Theorem 4.4, we can obtain infinitely many sign-
changing solutions to problem (4.1).

Theorem 4.6. Suppose that P (r) satisfies (P), Q(r) satisfies (Q) andm = n, a <
0, b < 0. Then there exists B* > 0 such that, for B < B*, problem (4.1) has infi-
nitely many nonradial sign-changing segregated solutions, whose energy can be
arbitrarily large.
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Appendix A. Energy Expansions

In this section, we will expand the energies I (U, V,) and [ (l_],, Vp), where

I1(u,v) = %/R3(|Vu|2 + P(IxDu® + Vo> + Q(Ixv?)

1
_Z/Rs(“|”|4 Jr1)|v|4)—§/]RS u?v?, (u,v) € H.
First, we estimate U,, V,., U, and Vp.
Lemma A.1. For any 6 2 1, there is a o > 0, such that

Uf (x) = UY, (x)+0(_e L xfl), Vx € Qj,

Vi) =vim+o , YxeQ, (A.1)

Ve(x)—v9(x)+0 .V xeQ, (A2)

Ulx)=0%@x)+0 (ie—%x—“') Vx € Q;
r - Y xJ ro ’ ]

where

’ 1j
: —( R R =
Q] [Z_(Z,Z3)€R ‘<|/|a|x/]|> COS€}7 ]_1""767

_ 7 y/j T .
Q; z=(,z3) e R —_ — ) > cos— ¢, =1,...,¢.
J [ ( 3) <|Z| |/j| = / J

Proof. Without loss of generality, and in view of the symmetry, we need to estimate
only U in Q.
For any x € 21, we have

Ix —x/| = |x—x!], VxeQ,

which gives |x —x7/| = $|x/ —x![if [x —x!| = |x/ — x!|. On the other hand,
if [x — x| < J|x/ — x!|, then

. . 1 .
e I A e i S —x'|.
So, we find

1
|x—x’|>2| x|, VxeQ. (A.3)
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Now,

0

14 14
Ul =00+ 0 [UT 0D U 0+ [ D UG
j=2 j=2

But for any « > 0, using (A.3), we find

4 4
) IACELS Wl
j=2 j=2

As a result,
¢ ¢
o—1 0-3 3 C Ly
U 0 2 Un @) SULP ) QUL S e 20 Ve,
j=1 j=2

and

0 0
. < % . % < C —llx—xll
.Z;U*"(’” SUL) _Z;ij(x) < pe L vrean
J= J=

So, (A.2) follows. O
Proposition A.2. There is a small constant o > 0, such that

aB bC 2 b
IU,V,)=A+1¢ —m+7_(D+,3H)C -
r r r

V4 V4 _3nr
+0 + +Lle ),

rmga rn KU’

where

-2 2 2
PPl B e C=—V/W2,
dpv — B2 Jrs 2 Jgs 2 Jgs

D, H are positive constants independent of £ and for B > —./uv it holds that
D+ BH > 0.
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Proof. Write

+ V)
1
- 5/ (IVUP + PUxDU? + [VV 2 + Q(x)V2)
/(MU4+VV4 ﬁ/ U2v?

4
1
= [5/ (IVUP? +U*+ |VV]* +V?)
1
4

(U* +vVv?) — b UZVZ]
2 Jwr3

(P(lx]) = 1) Z W+ Q>x]) = 1) Z

X
2 = = A4
A
J.

123 ) 3
L ((ze) -ze -2z
i=1 i=1 i#j
) ¢ S
, v4
SLIEw) -zv-xw
i=1 i=1 i#j
8 ¢ 2/ ¢
. 24,2 2 )
-5 1., (ZUXI) (Z ) ZUX,-VX,-—ZVX,-U)C,U
i=l i=l i#j
_ZUI x’ )
i#]
Now we estimate each term in (A.4).
By symmetry and Lemma A.1, we see
[ (pash—1) S0,
i,j=1
2
=e/ (P(xp) = 1) [ U +2U, +( U,)
o Z;‘ 2.0, (A.5)

=) (P('x')—l)UfIHO(i)/ PG = 1|U e
Q1 Vg Q

aa? 5 1
r Jr3 rmge

where o > 0 is a small constant.
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Similarly,

by2 2 1
/ (0(xD) 1) Z ijzﬁ(rn R3W +0(FW)). (A.6)

i,j=1

Employing Lemma A.1 and (A.3), we see

/]R3 (éUX,«) ZU4—2ZU3 L

i#]

¢ 4 ¢
=z/ (le +ZUxi) —(Ujl +> U
@ i=2 i=2

4
—2(U3> v +U12U3+ > v
i=2

0, j22,i#]

(A7)

)2
2%/9 UL > U + 0(te™ ),
1 =2

and similarly

12
_Zvj;_zz xt XJ =2E/ V3 Z‘/xl—i_o(Z 37”)’

i=l1 i#j 4 i=2
(A.8)

/Rs (Ze:U) (Z ) ZU@VE—ZZ:VEUX:-UN—ZK:U ViV

Iy oy
4
:e/ (szllezU +U? VIZ ) ( *3”7’). (A.9)
Q

Noting that

1 1 B
- VU] 4+ U?+|VV|> + V2 ——/ U* +vv* ——/ U?v?
Z/RS(| "+ FIVVIT ) 4 Ra(M v ) 2 Jwr3
_u+v-—28
4(uv — B?) Jr3

we insert (A.5)-(A.9) into (A.4) and find

W4

1(U;, V)

Ikl Y i W2+%/ W2
4(puv — B2) Jp3 2r" Jr3 2r'* Jr3
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l 4
M 3 v 3
—t —/ U Ui+—/ 1% Vi
,3 14 14
+ E/Q (Vj1 U D Uy + ULV, va,-)]
! i=2 i=2

L L _3ar
+O rmga—i_rnga—i_ge ¢
-2 2 b 2
=M ey ﬂ/ W2+L/ w2)  (A.10)
4(puv — B°) Jrs3 2rm Jr3 2r" Jrs3
b elx =
J77 T V5 VS e
-1/ (_U1+_vl)zﬁ]
[Ql 2 X 2 X i:2|x — x|
¢ 1_ i
13 5 5 e—\x —x'|
51, (@Vita +ruhva) 3

i=2
14 _3mr
+0 rmgo + rngo + Ze ¢

Rt Ay R ﬂ/ W%M/ W2
4(uv — B2) Jr3 2rm g3 2" g3

_or b 0 L _ 3nr
—¢(D+BH)e T -+0 + +eemT ),
r

rm KO‘ rn eO’

sinceU,i = %in,where D, H > Oare constants independentof £. For § > —,/uv
using the expression of U,1 and V.1 by the Holder inequality it is easy to see
D + BH > 0. As aresult, we can complete the proof. O

Proposition A.3. There is a small constant o > 0, such that
— — - é - r 6 pL4 pLS E
1(U;,V,) =¢ (A + a—m — De= 2 — o(1)Be 2V pmreos T
r r r

bC - o l 1 1
+——-Ge T —+0 + :
o P

;1 4 4 - 1 2 = 1 2
A= Z/W(“Ul,u+VUI,V)7 BZE/R3 Ul,w CZE/W Ul,w

D, G are positive constants independent of £.
Proof. Since
1(U:+V,)

_1 (IVO, 1> + P(IxDU? + |V V,[* + Q(1xV?)
2 et ’ P P
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1 74 74 IB 72772
_Z‘/R%(ILLU', +UVp) —5 R Ur Vp

= [t 00t -5 (Z )(iv )

1 e
+5 /R3 (P(x)) —1) Z UiU, + (Q(x]) — 1) Z ViV,

i,j=1 i,j=1

the last three terms can be estimated exactly as done in the proof of Proposition A.2.
. = \2 - \2 - .

We need to estimate the term [q, (3f_1 U) (3f_, Vyi)”. which is done in the

next lemma, claiming

/ VA V3 = o(lye 2 res TPt
Q Y r

Now, to complete the proof, we have the estimate

LE)E)

—1 —1
:/ (le + U2+ Uy + ZUX,-) (Vyl + Vet Vy,-)
o)) “ <

i=3 i=2

2

2,2 2 1,2 2 21,2 _3z
=/Ql(levy1 +UX1Vy(+Ux2Vy1+Ux@Vy()+0(e o)

— o() eV TR TR 4 o F).
r

Lemma A.4. As £ — o0,

/ U)?] V21 = o(l)e_2 (p—rcos %)24—}’2(%)2 é
Qi Y p

Proof. Let @) = {z = (Z,z3) e R? : (7 L) > cos £} Then [, UZ, Vyz1 =

‘Zl |x /l‘
2f§z’1 anVy1~ We divide Q] into two parts: 0y = {x € €| | |x —x!] = |x!
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Y@y = {x € @ | Ix —x'| < |x" — y'}}. Noticing that [x — y'| = 3]x" — ']
for x € Q}, we find for some C > 0

=20l =yl —2fxt—y1]

c 1 (¢}

/ Ufl Vi S Cﬁ/ el = o) T R
o1 Y [x' =" S lxt — y'

LTI B | [ STR SR YT | 1_,1

U2 2 Ce 20x =y e 2 =x | =2x—y [+2]x —y|
xb Pyl Ix! — 1|2 |x_x1|2

w2 y w2

and

A

e 2=y e 2% =2 = =yh+20x" =y
<C— M
:C|x1_ 1|2/< 1_y1 |x|2

Yy xSl =y
ol oyl _aloyh o

e,2|xl,yl| e 20" =y [ (Jx|+]x |X17y1‘| 1]
=C——

Ixt =y Jig<i |x|?

Here we have used the fact that
U = Clx|™ ™, Uy, £ Clxf~te M,

Without loss of generality we assume x! — yl=@!=y'0,0), withx' —y! >0,
and we write 1 = (1, 0, 0). Using convexity, we have ¢ > 0 such that x| 4+ |[x —
11-12= c(x% +x§) for |x| £ 1. Then, using the dominated convergence theorem,
we have

e 2l =y (x| +x=11=1) e—2¢lx! =y! (3 +x3)

< -

/ e :/ e — Qas{ — 4o0.
lx|=1 x lx|=1 x

Hence, the lemma is proved. O
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